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Abstract

This thesis aims mainly to study the relation between reduction of
order method for multiplicative and additive homogeneous difference
equations of degree one and Lie symmetry method. We study the dy-
namics of solutions of homogeneous difference equations and consider
the reduction of order of such equations. Then we study qualitative
behavior of solutions of the reduced equation and its connection to

the solution of the original equation.

Keywords: Difference equations; Multiplicative homogeneous dif-
ference equations of degree one; Additive homogeneous difference equa-
tions of degree one; Lie symmetry; Reduced equation; Local stability;

Global stability.



VIII

el

G s @y b oo B s ) eld K Al sde Oag
AW Ty by JeYl il e Dlally el L) Al oYl
J Sl g Lol G al oWl Jie olKalos Ll p S f
5 RaiAll SYslll Jold gl Gl o o Rasall YLl

AoV Bl = LSk

e daslall Liball Gl o¥slee (3 S¥slee sdatall oL
(3 BW (JoY) &l e Blall Wbl el o Y¥slas ¢ oY) i)

W SN R T U SN FE R SN (FE N W |



CONTENTS

Acknowledgments . . . . . . ... \Y
Declaration . . . . . . . ... VI
Abstract . . . . .. VII
List of Symbols . . . . . . . . .. XII
1. Introduction . . . . . . . . . ... 1
2. Preliminaries . . . . . . . . . .. 4
2.1 Difference equations . . . . . ... ... 4
2.2 Initial Value Problem of a Difference Equations . . . . . . .. 6

3. Symmetries In Mathematics . . . . . . . . . .. ... ... .. ... 10
3.0.1 Symmetries Of Difference Equations . . . .. ... .. 12

3.1 Lie Symmetry Of Difference Equations . . . . . ... ... .. 16



CONTENTS X

3.1.1 Lie Symmetries for I"OAE . . ... ... ... .... 19

3.1.2 Lie Symmetries for 2OAE . . . ... ... ... ... 25

4. Homogeneous Difference Equations . . . . . . . . .. .. ... ... 38
4.1 Introduction . . . . . . . . ... 38
4.2 Order Reduction Theorem For HD1 . . . ... ... ... .. 39

5. On Lie Symmetries And Dynamics For Homogeneuous Difference Equa-

5.1 Euler’s Theorem For Homogeneuous Functions . . . . . . . .. 52

5.2 Characteristic Function For Some Difference Equations Using

Lie Symmetry . . . . . . ..o 55
5.2.1 The Characteristic Function for the difference 2" OAE
2422
:Cn+1 = Tt o1 © Tt ot ttottee e e e e e 56

5.2.2 The Characteristic Function for the 3" order difference

equation T, = T, + a@n—zn-)® 59

Tpn—1—Tn-2

5.2.3 The Characteristic Function for the 4 order difference

2
. aA(Tpn —Tp—
equation x,+1 = T, + % ............ 62

5.2.4 The Characteristic Function for the difference equation

InTn—k_ of order k+1 . ... ... ... .. 65

xn—i—l - aznfk“!‘bfnfl
5.2.5  The Characteristic Function of the difference equation

Ty = — 2=k of order k+1 . . . . ... ... .. 68

ATy +bxy, g

5.3 On Lie Symmetries Of Homogeneous Difference Equations . . 71

5.3.1  On Lie Symmetries Of Multiplicative Homogeneous Dif-

ference Equations . . . . . . . ... ... L. 71



CONTENTS XI

5.3.2  On Lie Symmetries Of Additive Homogeneuous Differ-

ence Equations . . . . ... ..o 74

5.4 Introduction To Stability . . . . . . .. .. ... ... ... 76
5.5 Multiplicative Homogeneous Equations of Second Order . . . . 78

6. On Difference Equation x,,; = —==2=k— ... ... 84

ATy —k+bTp

TnTpn—k
Ty +bTp

6.1 Equilibrium Points Of The Difference equation x, 1 =

................................... 85
6.2 Exact Solution of the Difference Equation x,,; = % . 8
7. . 1

6.3 Local Stability of r, = T - c e 90
6.4 Global stability of r,, = ﬁ .................. 91
6.5 Global Behavior of z,,1 = % ............... 92
6.6 Matlab code for chaptersix . . .. .. ... ... ... ... .. 92
Conclusion . . . . . . . . . e 95
Future Work . . . . . . . . .. 96

Bibliography . . . . . . . .. 97



LIST OF SYMBOLS

N

ODFE
OAFE
PDE
Ty,
HD1
MH1
AH1

T'n

LSC

Natural numbers

Integer numbers

Real numbers

Ordinary differential equation

Ordinary difference equation

Partial differential equation
Homogeneous AFE of degree 1
Multiplicative homogeneous of degree 1
Additive homogeneous of degree 1
Reduced

Invariant

Canonical coordinate

Characteristic function of Lie symmetry
Linearized symmetry condition
Infinitesimal generator

Trivial symmetry



INTRODUCTION

Difference equations constitute an area of considerable interest. There
has been some renewed interest in solvable difference equations. A frequent
situation is that a difference equation is transformed into a linear first order
one, which is solvable. Moreover, an analysis shows that many systems are
also essentially reduced to an equation. There are methods that reduce the

order of the difference equation as Lie symmetry method.

Meada (1987) has shown that difference equations of order one can be
solved by Lie’s method, and he showed that the linearized symmetry condi-
tion (LSC') for such difference equation leads to a set of functional equations.
Later, Quisple and Sahdevan (1993) were interested in this method and they
extended Meada’s idea to a higher order difference equations by using a Lau-
rent series expansion about a fixed point. Levi et al. (1997) expanded the
linearized symmetry condition as a series in powers of z, and looked for
symmetries that are more general than point symmetries but the expression

derived by them was complicated. Hydon (2000) introduced a method for



obtaining the Lie symmetries and used it to reduce the order of the ordinary
difference equations and to find the solution. He applied this method to sec-
ond order difference equations. Walaa Yaseen (2018) used Lie symmetries
to find the general solution to difference equations of higher orders as order

four.

H. Sedaghat focus on reducing the order of a special type of differ-
ence equations which are homogeneous difference equations of degree one.
H. Sedaghat (2007) showed that every second order homogeneous difference
equation of degree one has a semiconjugte factorizations. And as a result, all
second order homogeneous difference equation of degree one can be reduced

to a system of two first order difference equations.

H. Sedaghat (2009) generlized his results to homogeneous difference
equation of degree one of order k + 1, and showed that every homogeneous
difference equation of degree one of order k + 1 can be reduced to a system

of two equtions of orders k£ and one respectively.

In this Thesis, we study the symmetry analysis for ordinary difference
equations. Then by using Lie symmetries, we investigate the exact solutions
for first and second difference equations. And we study the reduction of order
method of homogeneous difference equation of degree one. Then we use it to
find the general solution for some homogeneous difference equation of degree

one.

Also, we find a relation between Lie symmetry method and the
reduction of order method for homogeneous difference equation of degree
one. Moreover, we study the qualitative behaviour for the original and its

reduced equation.

This Thesis is organized as follows, in chapter two, we introduce



some basic concepts and the general solution for first order linear difference
equations. In chapter three, we investigate symmetries in mathematics to
introduce Lie symmetry method for solving first and second order difference

equations. And we generlize the method for higher order difference equations.

In chapter four, we investigate order reduction theorem for homoge-
neous difference equations of degree one. In chapter five, we solve a homo-
geneous difference equation of degree one using Lie symmetry to find the
relation between Lie symmetry and reduction of order method. Finally, we

use our results to solve a special case of the difference equation

X o TnLp—k
n+1 — 7
ATp—k + bxn—l 7

and we study the qualitative behaviour of the original and its reduced equa-

tion.



PRELIMINARIES

2.1 Difference equations

In this section, we present what do we mean by a difference equation, or-
der of a difference equation, types of difference equation and homogeneuous

difference equation of order k.

Definition 2.1. [11] A difference equation is an equation that expresses
a value of a sequence as a function of the other terms in the sequence, that

18, it defines a relation recursively.

Definition 2.2. [1] The order of difference equation is the difference

between highest and lowest indices that appear in the equation.
The difference equation of order k is of the form
Tn = f(Tpn_1,Tpn9y Ty g), n=0,1,2... | (2.1)

where f is a function such that f : R¥ — R and the initial conditions

T_1,T_o,...,2x_p are all arbitrary real numbers.
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Difference equations can be classified into different types according to one or

more of the following properties ([2]):

1. Linear difference equations: an equation is said to be linear if the

function f in Eq.(2.1) is a linear function.

2. Non-linear difference equations: an equation is said to be non-

linear if the function f in Eq.(2.1) is a non-linear function.

3. Linear homogeneous difference equations: a k' order linear ho-

mogeneous difference equation is an equation of the form
Tp+k T Pl(”)xn-I—k—l +--+ Pk(n)xn =0,
where Py(n) # 0, Yn > ny.

4. Linear non-homogeneous difference equations: a k' order linear

nonhomogeneous difference equation is an equation of the form
Tryk + PL(n)Tpip + -+ Pe(n)x, = g(n),

where Py(n) # 0, VYn > ng. The sequence g(n) is called the forcing

term.

5. Autonomous difference equations: a k' order difference equation

is said to be autonomous if it is time-invariant, that is as Eq.(2.1).

6. Non-autonomous difference equations: a k" order difference equa-
tion is said to be non-autonomous if the function f can be replaced by

a new function h of k + 1 variables such that, h : Z* x R¥ — R, that is
Tp = h(na Tpn-1,Tp-2y- .- 7-Tnfk)-

In this case the equation is time-variant.
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7. Linear difference equations with constant coefficients: a k"
order difference equation is said to be linear with constant coefficients

if it is of the form
Tryk + Pitpip1 + -+ Pery = g(n),
where Vi = 1,2,... k, P/s are constants and Py # 0.

8. Linear difference equations with non-constant coefficients: a
k" order difference equation is said to be linear with non-constant

coeflicients if it is of the form
Tosk + Pr()Tnyg—1 + -+ Pr(n)x, = g(n),

where Py(n) # 0, Yn > ny.

We will give examples about the previous types of difference equations in the

upcoming sections.

2.2 Initial Value Problem of a Difference Equations

Definition 2.3. [8] An initial value problem of a difference equation

is a problem when we know value x( at a particular point ng.

Example 2.4. [12] The function n(n) = 3" (2 + n("T_l)> is a solution for the

initial value problem
Tpi1 — 3T, =3"n; n>0 and zy = 2,

since if we substitute n(n) into the equation, we get

+1) n(n —1) n? n n? n
ntl| o "(”— _gnttf g M T ) ognyif g M o M1
3 ( + 6 3 + 6 3 + 6 + 6 + 6
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Also, we have

n(o>:3°<2+w> =2 =1

It should be clear that for a given difference equation, even if a solution
is known to exist, there is no assurance that it will be unique. The solution
must be restricted by given a set of initial conditions equal in number to the
order of the equation. The following theorem states condition that assure

the existence of a unique solution.

Theorem 2.5. [8] Let a k' order difference equation

where f is defined for each of its arguments. Then Eq.(2.2) has a unique
solution corresponding to each arbitrary selection of the k initial values

z(0) = zg,2(1) =2y, ,x(k— 1) = Tg_1.

Proof. Suppose that z(0),z(1),--- ,z(k — 1) are given. Then the difference
equation with n = 0 uniquely specifies z(k). Now z(k) is known, the differ-
ence equation with n = 1 gives z(k + 1). Continue in this way, all x,, for

n > k, can be determined. O

We consider the following initial value problem which is a first order linear

homogeneous difference equation with constant coefficients

Tnt1 = An, n = 07 17 27 e (23)
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with 2(0) = x¢ and a is a constant. By iterations, we get

ry = axo,
_ 2
To = a1 = a 2o,
_ _ .3
rs = a2 = a Xg,
T, = a"xp. (2.4)

To prove Eq.(2.4) is a solution of Eq.(2.3), we proceed as follows

+

Tpi1 = a" g = a(a"xg) = ax,,.

Now, to generelize Eq.(2.3) to non-homogeneuos difference equations with

non-constant coefficients, we get the following theorem.

Theorem 2.6. [11] Let a(n) and b(n) be real sequences where n € N. Then

the first order linear difference equation
Tpt1 + a(n)z, = b(n), (2.5)

with nitial condition xo = ¢, has a unique solution of the form
n—1 n—1 n—1
T, = C<H —a(i)) + Z( 11 —a(j)) b(i). (2.6)
i=0 i=0 \ j=i+1
Proof. First, we must show that Eq.(2.6) satisfies Eq.(2.5) and the initial
condition. We first write the expression for x,
Tpi1 = c(H —a(i)) + Z ( H —a(j)) b(7).
i=0 i=0 \ j=i+1
We then rewrite the last summation above as follows,

i( ﬁ —a(j)>b(i) = f[ (—a(j)b(n)> +ni<ﬁ —a(j))b(z’)

i=0 \ j=i+1 j=n+1
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since

= o) - a<n>[ ] (H —au))b(z)]

Using this result we obtain,

Tpy1 = —ca(n) ( 1:[ —a(i)) +b(n) — a(n)< ‘_ [ 1:[ —a(j)] b(i)),

i=0
which implies

Tpy1 = —a(n)z, + b(n).

Thus, we have shown that x,, is a solution. Finally we must prove uniqueness.
Assume that we have two solutions z,, and ,, both satisfy Eq.(2.5) and the
initial condition. Now, consider the set {n € N;z, # &,}. Let ng be the
smallest integer in this set. We must have ng > 1, since xy = Zo. By the

definition of ny we have x,,-1 = Z,,—1 and then
Tpy = a(ng — Dxpy_1 +b(ng — 1) = a(ng — 1)Tpy—1 + b(ng — 1) = 2y,

which is a contradiction. Thus we must have nyg = 0. But zg = 29 = ¢
since the two equations satisfy the same initial condition. It follows that the

solution is unique. O



w

SYMMETRIES IN MATHEMATICS

Symmetry exists in many places of our life, it takes a big part in geometry,
also in other branches of mathematics as calculus, integration, linear algebra,
abstract algebra, probability, differential equations and difference equations.
Symmetry is a type of invariance: the property that a mathematical ob-

ject remains unchanged under set of operations or transformations. In this

chapter, we review transformation, symmetry in general, symmerty in ge-
ometry, symmetry in calculus, symmetry in differential equations and a one

parameter local Lie group to have a Lie Symmetry.

Definition 3.1. [12] Transformtion or a mapping of a region A into a region

B is a rule that assigns to each point a € A a unique point b € B.

Definition 3.2. [12] A transformtion is a symmetry if it satisfies the follow-

ing properties:
e The transformation preserves the structure.

e The transformation is a diffeomorphism, that is a smooth invertible
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mapping whose inverse is also smooth.
e The transformation maps the object to itself.

Definition 3.3. [12] Trivial symmetry is the transformation that maps each

point to itself.

Symmetry in Geometry: the types of symmetry considered in basic
geometry include reflection symmetry, rotation symmetry, translation sym-
metry.

Symmetry in Calculus: in even and odd functions.

Definition 3.4. Let f(x) be real-valued function of a real variabel. Then f
is even, if f(x) = f(—x), Vo € Domain(f).

Geometrically speaking, the graph of an even function is symmetric with
respect to the y-axis, meaning that its graph remains unchanged after reflec-
tion about the y-axis.

Examples of even functions include 22, z* — 1, cos z, and cosh z.

Symmetries of Differential Equations

Definition 3.5. A symmetry of differential equation is a transformation that

leaves the differential equation invariant.

Knowledge of such symmetries may help to solve the differential equation.

Definition 3.6. A line symmetry of a system of differential equations is a

continuous symmetry of the system of differential equations.

Knowledge of a line symmetry can be used to simplify an ordinary differ-
ential equation through reduction of order. For ordinary differential equation,

knowledge of an appropriate set of Lie symmetries allows one to explicitly
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calculate a set of first integrals, yielding a complete solution without inte-
gration.

Symmetries may be found by solving a related set of ordinary differntial
equations. Solving these equations is often much simpler than solving origi-

nal differential equations.

3.0.1 Symmetries Of Difference Equations

In this section, we apply the transformation for difference equations to have

a symmetry, and define a one parameter local Lie group.

Definition 3.7. [12] A transformation of a difference equation is a symmetry
if every solution of the transformed equation is a solution of the original

equation and vice versa.

The following example illustrates the above definition.

Example 3.8. [12] The map T}, : z, — &, = hx,, Vh € R — {0} is a

transformation of the linear homogeneuous difference equation of order k:
hk(n)$n+k + hk_l(n)xn+k_1 + -+ ho(n)$n = 0. (31)

The transformation 7, means that we change each variable z,.;, + =
0,1,...,kin Eq.(3.1) by hx,ii = Tnas, 1 = 0,1,...,k or we can say that we
multiply Eq.(3.1) by a nonzero constant h as follows to have a transformed

equation:

hi(n)hep i + he_1(n)hzpik—1 + -+ ho(n)hz, = 0

hie(n)Zngk + Pe—1(N)Tpgk—1 + - + ho(n)z, = 0 (3.2)
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Now to prove that the transformation 7} is a symmetry, we need to prove
that each solution of the transformed Eq.(3.2) is a solution of the original

Eq.(3.1) and vice versa.

If z1(n),z2(n), ..., zx(n) are linearly independent solutions of Eq.(3.1), then

the general solution of Eq.(3.1) is a linear combination of 1 (n), z3(n), . .., zx(n)
Z m;x;(n), where m; are real constants. Need to show z,, is a linear
comblmatlon of z1(n), za(n), ..., xx(n).

The transformation 7}, maps the solution x,, to z,, as below

A

z, = hz,

k
= thixi(n)
i=1
k
= thixi(n)
i=1
= Zmzxz(n) ,mi:hmi,izl,Q,...,k.

Therefore z,, is also a solution of Eq.(3.1) since we can write it as a linear
combination of z1(n), z2(n), ..., zx(n).
Conversely, if Z1(n),za(n),...,Zx(n) are linearly independent solutions of

Eq.(3.2), then the general solution of Eq.(3.2) is &, = Zn Z;(n), where r;

are real constants.

The inverse transformation is 7} Y g, = b, (since from the second
property of the definition a Transformation to be a symmetry thats say,

the transformation is a diffomorphism, that is a smooth invertible mapping
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whose inverse is also smooth). So, T}~ ! maps the solution Z,, to x,, as follows

Ty =

Hence, x,, is also a solution of Eq.(3.2) because we can write it as a linear
combination of Z1(n), Z2(n), ..., &x(n). Thus T}, is a symmetry ¥V h € R—{0}.

The proof is complete.

Note that x,, and Z,, are two solutions of the linear homogeneuous differ-

ence equation Eq.(3.1) because ,, is a multiple of z,.

Theorem 3.9. [12] Consider the set of transformations G = {T),,h € R —
{0}}. Then G is a group under the composition T;1; = Ty, for all h,l
€ R—-{0}.

Proof. -

e G is closed by definition.
e The identity transformation is T} : x,, — x,.

e The inverse transformation of T, Ys Ty,-r =T
h
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[ (ThT'l)TO = Ttho = T(hl)o = Th(lo) = Thﬂo = Th(T’lTO) so the associvity

property is preserved.

Definition 3.10. [12] Consider the following point transformation
Ty :x — &(x;h),  h € (hy,hy) where hy <0 and hy > 0.

Then Ty, is a one parameter local Lie group if the following conditions are

satisfied:

1. Ty s the identity map, that is & = x, where h =0
2. TyTy = Thyy, for all h, 1 sufficiently close to zero.

3. FEach & can be represented by a Taylor series in h, such that
@(z;h) = o + hp(z) + O(h?).
Some notes for the above definition:

e The above transformation is called a point transformation since the

transformed point = only depends on the point z.
e A local Lie group is a group if it satisfies the group axioms.

e In general, a one parameter local Lie group will depend only on n and

Tp.

e The inverse point transformation 7, ' = T,-1, where | h | is so small.
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3.1 Lie Symmetry Of Difterence Equations

In this section, we review Lie symmetry method for solving difference equa-
tions and then, we use it to solve a given first and second order difference
equations. Finally, we generalize the method for higher order difference equa-

tions.

Definition 3.11. [12] Let the transformation T}, be a symmetry and a one

parameter local Lie group. Then it’s called a Lie symmetry.

In the following example, we explain Lie symmetry for a first order dif-

ference equation.

Example 3.12. [6] Consider the first order difference equation:
Tpi1 — Tp = 0. (3.3)
and the transformation
Ty : (n,z,) = (R, 2,) = (n, 2, +); a€R (3.4)

Then, T, is a Lie symmetry.

The transformation T, is a symmetry for Eq.(3.3) since the solution of
Eq.(3.3) is &, = zo. Every transformation with o # 0 maps each solu-

tion, z,, = z¢ to I, = xo + «, which can be written as z,, = ¢; ¢ = 29 + a.

And T, is a one parameter local Lie group, since

1. Ty is the identity map

To: (n,zn) — (0, Tn) = (0, 2,),
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2. T, T = T4 since
Ts: (n,x,) = (0,2, + B),
which implies that
T.Ts: (n,xn + 5) = (n, 2, + B+ ).

And
Tots = (n,x,) = (0,2, + .+ ).
Thus,
T, T = Toip.

3. Each z,, can be represented as a Taylor series in . Such that
h=mn, &,=x,+aQ(n, z,)+0(?), (3.5)

where Q(n, z,,) is a function of n and z,, that depends on the difference
equation and is called a characteristic of the local Lie group. In
the previous example, the characteristic Q(n, z,) is 1. Since &, = z,+«

by comparing it with Eq.(3.5), we find that Q(n,z,) = 1.

Remark 3.13. For Lie symmetries, we consider n = n, that is, we leave n
unchanged because n is a discrete variable, that can not be changed by a

small amount.

Recall that, we will restrict our attention to Lie symmetries for which 2,
depends only on n and z,, which are called Lie point symmetries and take

the form:

A=mn, Z,=x,+aQn,x,)+ 0.
If we replace n by n + p in Eq.(3.5), that’s we do a shift, we get

Tntp = Tntp + aQ(n +p, anrp) + O(a2)a
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which is called a prolongation formula for Lie point symmetries.

Now our aim is to use symmetries to obtain exact solutions for difference
equations. Because of that, we introduce the change of variables. To con-
sider the effect of changing variables from (n,x,) to (n,s,), and as Eq.(3.5)
is a symmetry for each a sufficiently close to zero, we can apply Taylor’s

theorem about o = 0, to obtain

~

5, = s(n

(72, &)
(n, &)
(
(

I
V)

n, T, +aQ(n,z,) + O(a?®))  Now apply Taylor’s theorem about a = 0

I
V)]

d
= s(n,z, +aQ(n,z,)) |a=o +(a — 0)£ la=o +0O(a?)

ds . dx,
TG oo +0()

= s(n,r,) +as'(n,1,)Q(n,z,) + O(a?). (3.6)

= s(n,z,) + o

~

If we denote the characteristic function with respect to (n,s,) by Q(n, s,)

then we get by Taylor series
8n = Sp + aQ(n, s,) + O(a?)

Comparing the last equation with Eq.(3.6) we get

~

Q(n, s,) = s'(n,2,)Q(n, x,). (3.7)
The coordinate s,, is called the canonical coordinate.

Note that €2 = Q(n, z,), since &, = z, + aQ(n,z,) + O(a?).

In the following example, we will illustrate the effect of changing coordinates

introduced above.
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Example 3.14. [6] Consider the change of coordinates from (n, x,,) to (n, s,),

and symmetries for s,

(N, 8,) = (n,8, +a), a€R

~

Then the characteristic with respect to (n, s,,) is Q(n, s,) = 1, so by Eq.(3.7),
s'(n,2,)Q(n, x,) =1,

which implies that

dz,,
s(n, z,) :/W (3.8)

Now, as an example if Q(n,z,) = x, — 1, then the canonical coordinate

according to Eq.(3.8) is

dzx,, In(xz, — 1), x,>1
s(n,xn):/ ° 1zln|xn—1|:
T In(l —z,), x,<1

In this example, the map from x,, to s, isn’t injective for all R; it can’t be
inverted from s, to x, except if we specify whether z,, is greater or less than

1.

But we are interested in injective maps, to have the exact solution z,, in

explicit formula. As we will see in the following sections.

3.1.1 Lie Symmetries for 1**OAE

In this section, our purpose is to solve a given first order difference equation

Tnr1 = folxn) = f(n, ), (3.9)

by Lie symmetries. Recall that, for any transformation of a difference equa-

tion to be a symmetry, the set of solutions must be mapped into itself. So
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the symmetry condition of Eq.(3.9) must be satisfied
i1 = f(N,2,) when x4 = f(n,z,). (3.10)
From the symmetry condition Eq.(3.10), we get

f(n: r,) = f(,2,)
= f(n,zn +aQ(n, x,) + O(a?))
= f(n,z,) +af (n,2,)Q(n,z,) + O(a?). (3.11)

Also, we have from Taylor series
F,2,) = Epg1 = Tnsr + aQ(n + 1, 2,41) + O(a?). (3.12)
So, by comparing Eq.(3.11) with Eq.(3.12) we have
Qn+1,2,11) = f'(n,2,)Q(n, z,). (3.13)

This is called the linearized symmetry condition (LSC) for the given Eq.
(3.9).
The linearized symmetry condition in Eq.(3.13) is a linear functional equa-

tion which is difficult to solve.

The following example illustrates how to find (LSC') for a given first order

difference equation
Example 3.15. [6] Consider the equation
T4l — Tpn = 0,

and f'(n,z,) = 1 since x,.1 = f(n,x,) = x,. So the linearized symmetry

condition is

Q(Tl + 1,.Z'n+1) = Q(na :En)
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Since x,11 = Ty,
Q(n+1,2,) = Q(n,,).

This condition has the general solution

Q(n, xn) = f(xn),

where f is an arbitrary function. Since Q for n and n 4 1 is the same,

therefore, Q is a function that depends only on x,,.

For the above example and others, we can find the general solution if we
can solve the (LSC), which is a functional equation, but not all functional
equations can be solved. Because of that, for first order difference equations
we use a practical approach that depends on assuming a trial solution for

the characteristic function in the following form
Q(n,x,) = a(n)z2 + b(n)x, + c(n), (3.14)

where a(n), b(n) and ¢(n) are functions of n. We can find them after substi-

tuting Eq.(3.14) in Eq.(3.13) and comparing the powers of x,.

Example 3.16. [6] Find the characteristic function for the following first
order difference equation

Tn
14+ nz,’

Tyl = n>1. (3.15)

Solution: we need to find f’ and then substitute it in LSC' as follows:

f(n,2y) = 52— So, f'(n,x,) = m Then the LSC' is
1
Qn+1,2541) = m@(n,fﬂn)-

Now we use the trial solution (3.14), to get

a(n+1)z2, +b(n+1)z,1+c(n+1) =

m <a(n)x$Z +b(n)x,+ c(n)> :
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Now substitue 41 = 752~ to get,
(n+1) i +h(n+1)—"— 4 e(n+1)
a(n —_— n c(n =
(1+ nx,)? 1+ nx,
1

Arnn)e <a(n)xi + b(n)x, + c(n)) , (3.16)
After multiplying Eq.(4.20) by (1 + nx,)?, we get
a(n+1)22 +b(n+1)z,(1+nz,) +c(n+1)(1+nz,)* = a(n)z? +b(n)z, +c(n).

Therefore,

a(n+1)22 +b(n+1)z, +nb(n+1)z2 +c(n+1)+2nc(n+1)z, +n’c(n+1)a?

= a(n)z? + b(n)z, +c(n). (3.17)

Rearrange the above equation as follows:
(a(n+ 1) +nb(n+1)+nc(n+ 1)) z2+ (b(n+ 1)+2nc(n+ 1)) T, +c(n+1)
=a(n)z2 + b(n)z, +c(n). (3.18)

Comparing the powers of x,,, we get the following system:

a(n+1)+nbn+1)+n*c(n+1) = a(n), (3.19)
b(n+1)+2nc(n+1) = b(n), (3.20)
cn+1) = ¢(n). (3.21)

We solve the above system by using backward substitution, starting with
Eq.(3.21), which is a first order linear homogeneuous difference equation
whose solution is

cn)=a, «a€clR
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Then, substitute ¢(n) = « in Eq. (3.20) to get also a first order difference

equation

whose solution is

S0
b(n)=0—an(n—-1), a,fR.

The last step is to substitute b(n) and ¢(n) in Eq.(3.19), to get
a(n+1) —a(n) = —np + n’a

Which is also a first order linear non-homogeneuous difference equation,

whose general solution is

n—1 n—1
a(n) = 7= _(Bi)+ > (ai®)
i=0 i=0
= v ﬂn(n2— D) + &nz(n4— 1)2, a, B,v € R.

After finding a(n), b(n) and ¢(n). The characteristic equation is

Q(n,z,) —(7 CUU= a”Q("[ 1)2>wi+ (B — an(n — 1>>a:n +a.

It remains to find the genaral solution {z,}, we use the following steps:

1. Determining the characteristic function Q(n, z,).

2. Finding the canonical coordinate y,. To simplify the calculations we

assume that Q(n, yn) = 1, then

d:z:n

Qn,z,)

y(n,x,)
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3. From step 2, we have y as a function of n and x,,, we write a difference

equation of y,, and solve a first order difference equation.

4. Write the solution in step 3 in terms of x,,, and note that this happens
only if we can invert the map z, to y,. This condition is called a

compatible canonical coordinate.

In the following example, we illustrate the above steps.

Example 3.17. [6] Find the general solution {z,}, for

Tn
x = n>1.
ntl 14+ nz,’ -

Solution: Now we use the canonical coordinate which is injective after we
find the characteristic function. Then, we find the genaral solution as follow:

from pervious example, we find the characteristic Q(n, z,,) which is

Q(n,x,) = (’y — ﬁn(n — 1) + anQ(n4— 1)2> x4 (ﬁ —an(n — 1)) T + .

2

To simplify calculations, we assume « = [ = 0 and v = 1. Therefore,

Q(n,x,) = x2. The canonical coordinate is

dr, —1
y(n,r,) = — = —+c¢ceR,
x2 Tn

which is invertible, that is we can write x, in terms of y,. Consider the

difference equation

—1 —1
YUn+1 — Yn = - -
Tn+1 Tn
If we substitute x,+1 = 1522, we get a first order difference equation in yy,

Yn+1 — Yn = —1N,

which has general solution:

y=m — M=
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Since y,, = ;—1, so the general solution of the original difference equation is:

2
C 2m+nn—1)

Ty n>1,meR.

Remark 3.18. For a differnce equation, we have more than one characteris-
tic function that depends on constants. Every time we choose the constants

that simplify our calculations.

3.1.2 Lie Symmetries for 2"¢OAE

In this section, we need to solve a given second order difference equation by
Lie symmetries. The idea is, to find the linearized symmetry condition (LSC')
for second order difference equations, as we did for first order difference
equations.

Now, consider the difference equation

Tpro = [(N,Xp, Tny1); N EZ, (3.22)

we assume that Maf # 0, (this condition ensures that the equation is truely
n+1

second order), the symmetry condition is
Tpio = f(N, ZTp, Tnt1), when Eq.(3.22) holds. (3.23)

As we did for first order equations, from symmetry condition Eq.(3.23), we

have

f(ﬁa 'i.m 'fjnJrl) = f(na Tn + C“Q(na xn)a Tn+1 + a@(n + 17 anrl))' (324)
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Need to find Taylor series for the right hand side about a = 0, we get

A af 0z, of o0z,
f(na L, xn—&—l) = f(n7xn7xn+1) + Oé( f = |oz:0 f _ |o¢0)

0%Tny1 Oa 0%, Oa
+ O(a?)
of

axn-ﬁ-l

= f(n,Tp, Tpi1) + a( Qn+1,x,41) + ;a;f Q(n, xn)>

+0(e?),

also we have

f(ﬁ7 Tn, £n+1) = f(nv T xn-i-l) = Tny2 = f(nv L xn+1)+aQ(n+27 mn+2)+0(a2)'
(3.26)
By comparing Eq.(3.25) and Eq.(3.26),we get the linearized symmetry

condition (LSC') for second order difference equation

O Qtn+1,2ms1) + 2L Qn, )

Tn41 axn

Q(n + 27 xn+2> = a

We need to simplify this formula, since it is a functional equation which is
hard to solve. The more important concept that plays a big role in simplifing

(LSC) for second order and higher orders is the infinitesimal generator.

Definition 3.19. [7] The infinitesimal generator I for a differnce equation

of order p is
—1

I=) (5*Q(n,2n))

0

3

0

Y
axn+k

>
Il

where S* is the forward shift operator such that S*x,, = T, 4.

Therefore, by the above definition the Linearized symmetry condition for
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second order difference equations becomes

0 0
Q(n + 27 xn+2) = %Q(n, In) + 6mf+1Q(n + 1: In-i—l)
SQnm) = SUQUn )5+ SQU -+ 1) 5
) ~ of
S Q(nvxn) = Z(S Q(n,fﬂn))W
k=0 n+k
S?Q = If (3.27)

Eq.(3.27) is a linear functional equation for the characteristics Q(n, x,,).
But functional equations are generally hard to solve. Luckily, Lie symmetries
are diffeomorphisms, that is, Q(n,z,) is a smooth function, this implies that
the linearized symmetry condition can be solved by the method of differential
elimination. That is, we transform Eq.(3.27) from a functional equation into

a differential equation. We consider the difference equations that satisfies

the conditions 21— = 0 and % # 0. We follow two steps.

axn+1

Firstly, by elliminating Q(n + 2, 2p42) and Q(n + 1, 2,41), we can form
an ordinary differential equation of Q(n, x,).
To achieve this objective we differentiate the linearized symmetry condition
with respect to z, keeping f fixed and we consider x,,.; to be a function of
n, x, and f. Therefore, we apply the differential operator (L)
0 n 0%pi1 O

I =
oz, Ox, Oxpi1’

but
Otnpr  Of /0,
Ox,  Of/0xp,

The first term of the functional equation Eq.(3.27) is elliminated by this

differential operator, since we differentiate with respect to x,, keeping f fixed,
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S0 we obtain

0
oz,

Mn+lﬁ>za

(9 5 a 62
ox, 6;;62(”’%)) - 8;;62/(”)3371) + aé@(n?xn),

a af B an
or,, axn-ﬂQ(n—i_ Lrpn) | = MQ(H+17Q;”+1)7

and

’ Qn+2,f)] =0
axn—l—l ’ -
Dt aan(n, xn)) = m@(n,xn),

0 of B af 2
OTp i1 8xn+1Q(n +1, :En+1>> = &anQ (n+1,2n41) + 92 Qn+1,z,41)

This implies that

2 2
(— L Qe - Loy — 2T gy 17xn+1>)+

ox, ox2 B 02,0211

(8”“”“)( - @'<n+1,xn+l>—a2—f62<n+1,xn+1>):0-

B B 2
ox, 0%y 10T, O0%p i1 0y

Secondly, we elliminate Q'(n + 1, Z,11).

By differentiating the equation obtained in the previous step with respect
to x, keeping x,,; fixed. We may have to differentiate once more with re-
spect to x,, keeping x, 1 fixed. After that, we obtain an ordinary differential
equation, which can be split by gathering together all terms with the same
dependence upon z,,; and we solve it if possible, and obtain Q(n,z,). To
find the coefficients of the terms of Q(n,z,), we plug it in the equations

that we obtained in previous steps which can be split into a system of linear
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difference equations by collecting all terms with the same dependence on z,,

and x,,.1.

Therefore, we will have a characteristic function Q(n, x,,) for second order

difference equations. The following example illustrates the above steps.

Example 3.20. [12] Find the characteristic functions of the following second

order difference equation

ATpTni1

oy = ———; R*. 3.28
2 T + Tnt1 @< ( )
Solution: Note that
o AT pTp41
f(n, xna l‘n—‘,—l) - :L‘n + xn+1_
The LSC of Eq.(3.28) is
af of
Q(n + 27 xn+2) - a_an<na xn) - a$n+1Q(n =+ 17 $n+1) = 07
Now need to find ;)—f and 88f )
Ln Tn41
So,
of  axi, f?
Or,  (xp +2p1)?  ax?’
and

of ar? f2

- - 2
0Tny1 (Tp +Tp41)?  axi

)

so the LSC is

f? f?
Q(n+2,2p49) — m@(n,xn) - axiHQ(n +1,2,41) =0. (3.29)

Second step is, to apply an appropriate diffferentail operator L, to reduce

the number of unknown functions Q(n + 2,z,.2) and Q(n + 1,z,41), and
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to transform this functional equation to differential equation. Note that

Oni1 _ _ Tni
Oxrn z2
I - 0 +8mn+1 0
Oxy, 0x, Orp 1
0 Thp1 0
= Ox, 22 Oxpiq

Now, apply L to Eq.(3.28) to get

a x2_H a f2 f2
- 2 - — 1 =
(al’n 1‘% 8xn+1)(Q<n+ axn+2) al_%Q(n>$n) axi-ﬁ-lQ(n_'_ >$n+1)) 0,
(3.30)
but we have,
0
%(Q(” +2,%p12)) =0,
o f AP 2f?
ﬁxn(a_x%Qm’ xn)) CL_SL’%Q (TL, xn) - CL_‘%’%Q(n’ xn)a
0 f2
(=5 Q(n + 1,211)) =0,
o (@l + L) =0
and
0 (Q(n+2,2,42)) =0
a$n+1 y b2 — Y
0 12
Brm agz o #)) =0
T Ot L)) = @0+ L) + Q4 1,50)
n Ty = n y Ty n » Tnt1)-
OTny1 aﬁzﬂ e ax?l-‘rl o axiﬂ o
From the above calculations Eq.(3.30) can be written as
_f2 . ) 2 'IEL+1 _f2 . 2f2 _
GI% Q (n’xn)—i—a_l‘%@(n’xn) {E% <a$i+1Q (n—i_l?xn-ﬁ-l)—'—mQ(n—}_l’ ZL‘n+1>> - 07

multiplying the last equation by %Z;%, we get

Q/(n> ajn) - EQ(TL, xn) - Q/(n + 17 -TnJrl) +

T Tn+1

Qn+1,z,41) =0. (3.31)
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Now, we differentiate Eq.(3.31) with respect to x, keeping x,,; fixed, we

obtain

(@) = 2QU ) = Q0+ 1, Tus1) + ——Qn+ 1, 201)) = 0
oz, n, T, o n, T, n Tl — n  Tni1)) =0,
but

Tn
o 2
axn (ZE_nQ(n’In)) = _nQ/(naIn> + %Q(nul‘n)u
0
8_95,1(62/(71 +1, xn-i—l)) =0,
0
a_%(xn+1Q(n + 17xn+1)) - 07

SO

multiply this equation by 22, we get

.ZUELQ”(TZ, xn) - QI'nQ/(TL, In) + 2@(”7 xn) = 07

Note that, we got a differential equation in Q(n,z,), which is an Euler dif-

ferential equation whose solution is given by

Q(n, z,) = Mn)a;, +1(n)zy,
for some functions A and n of n. Note that

Q'(n, zn) = 2XA(n)z, + n(n),

substitue () and @' into Eq.(3.31) we get

I+ () — - (A + 1)) — 200+ s — (1)

n

- (An + 1)xi+1 +n(n+1)z,4) =0,
n+
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simplifying, we get
2A(n)zp+n(n)—2A(n)x,—2n(n)—2X(n+1)z, 1 —n(n+1)+2X(n+1)x, 41 +2n(n+1) = 0.
Hence, the only terms that we have are

n(n+1) =n(n),

which is a first order linear homogeneuous difference equation whose solution
is

nn)=c, ceR.

Now, @ becomes Q(n,z,) = A(n)z? + cz,, substitute n(n) = ¢ in the LSC

to obtain
2 f? > f? 2
)‘(n+2)wn+2+6$n+2_ 2 ()\(TL)[L’R—FCI‘n)— 2 (A(n+1)$n+1 +C$n+1) = 07
ar? ar;

(3.32)

substitute x, o = f, to get

2 2
(A(n—l—g)f?_;/\(n)—%)\(n—l—l))+<cf—cfa£n—cfagj‘i;l) =0, (3.33)

note that the second parentheses is 0 since

Cf—cfi—c f :Cf—Cfﬁ—cf—xn =

aTn ATnt1 Ty, + Tni1 Ty + Tnt1

0
eff1-—Tn It )T ) =
Tn + Ln+1 L, + Tn+1 Tn + Tn+1

Therefore, Eq.(3.33) implies

f2

) - “An+1) =0,

An +2)f? — -

hence,

ANn+2)— é)\(n) _ é)\(n +1) =0,
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which is a second order difference equation, to solve it, we find it’s charac-

teristic equation

ar*—r—1 = 0. (3.34)

The roots of Eq.(3.34) are

1++vV1+4a

T2 =
2a

We have two cases depending on the value of a:

1. Ifa = _Tl, then r = —2 (two roots real and repeated). It follows
A(n) =c1(—=2)" 4+ can(—2)", 1,00 €R,
so the characteristic function is
Q(n,z,) = (c1(=2)" + con(—=2)")22 + cxy,

2. Ifa # =, then

A(m) = <1+_ éﬂ) fe (1—_ m) |

2a

so the characteristic function is

Q(n,xn>:(cl<1+_ ¢21+4) o (1—_ ﬂ+4> >+

2a

where ¢, ¢y and ¢y € R.

Now, we use symmetries to reduce the order of difference equations. We
find a compatible canonical coordinate, which reduces the order by one. If
the reduced equation can be solved, then the original equation can be solved

by one more integration or summation.
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Definition 3.21. [10] A function v, is invariant under the Lie group of

transformations Ty, if [v, = 0, where I is the infinitesimal generator, such

p—1
that I =5 S*Q(n, z,)
k=0

_9
6$n+k .

Suppose that the characteristic Q(n, z,) for the second order difference
equation

Tpio = f(n,ﬂfn,anrl),

is known, then the invariant v,, can be found by solving the partial differential

equation
v,

ov,
10, = Q(n. ) 5" + Qo+ 1anp)

which is a quasi linear partial differential equation that can be solved using

=0
8l‘n—f—l 7

the method of characteristics, set

d:En . dxn—i—l _ dvn
O e ~ SQma) ~ 0 (3.35)

If the invariant function v, 1(n,Z,, z,+1) can be written as a function of n

and v, only, then v, can reduce the order of the difference equation by one

to obtain
Tpyl = g(”? T,y Un)a
for some function g. This equation is first order difference equation.

Finally, as we mentioned in the previous section, to solve the first order

equation, we need to obtain a canonical coordinate s,.

Example 3.22. [6] Find the general solution for the previous example, with

a =2,

anxn—l—l
Tpio = ———.
Tn + Tn+1
If a = 2, then Q(n,z,) =| 1 + c2(F)" |22 + cx,. Now we will choose

¢,c1, and ¢y such that we simplify our calculations. Therefore, if ¢; = 1
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and ¢ = ¢; = 0. Then Q(n,z,) = 2. Next step is to find the canonical

coordinate s,, also for second order equations we assume that Q(n,s,) = 1,

3—/ dx,, _/da:n_—l
") Qnx,) ) 22w,

By Eq.(3.35), the invarient v, is given by

implies

dr, dr,i1  do,

2 T .2
xZ Ty 0

Taking the second and first invarients, we have

/dxn-l—l /dmn
Th B xp
-1 -1

-1 _
= — + ¢, which implies ¢; = ——, q €R.
Tp+1 Ly Tp+1 T,

Taking the third and first invarients, we have

dv, dx,
0 a2’

by reciprocal multiplication, we get dv, = 0. Therefore,
Up = C2, C2 € R)

such that ¢o = g(¢;) where g is an arbitrary function. We will choose it to
be the identity such that g(c;) = ¢; and hence ¢y = ¢;.

Therefore,
1 1
Up =Cg = — — .
Tn Tnt1

Applying the shift operator to v,, we get

1 1
Upt1 = -
Tni1 Tp42
o 1 Tni1 +x,

Tni1 2xnxn+l
1 1

2£Cn+1 237”
Un

5
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So, we have a first order linear homogeneuous difference equation:

Un
Upt1 + 5= 0,

whose solution is given by

“1\"
Uy, = C3 (—) , where c3 € R.

1 -1 (—1)"
Sp+l — Sp = —— =vy,=c3| | -
T+l Tn 2

This equation is a first order linear non-homogeneuous difference equation

It follows that

whose solution is given by

n—1 k -1
-1 1— (=)
Sn:50+ E 03<7> = 30"—03%3_1))
k=0

2

= S + CgT,

where ¢; and ¢; € R, and they are not both zero.

In short, the general technique for obtaining Lie point symmetry of any

difference equation of order k > 2 is
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. Write the LSC.

. Apply appropriate differential operators to reduce the number of un-

known functions.

Having reached a differential equation, back-substitute and solve the

resulting linear difference equation.

. Iterate, if necessary.



HOMOGENEOUS DIFFERENCE
EQUATIONS

In this chapter, we will talk about reduction of order method for homogeneu-
ous difference equations of degree one denoted by (HD1), and we consider
some examples. Then, we provide Euler’s theorem for homogeneuous func-
tions that we use in explaining the relation between reduction of order for

H D1 and Lie symmetry method.

4.1 Introduction

In this section, we present what do we mean by a homogeneuous difference

equation of order k£ in both cases multiplicative and additive.

Definition 4.1. [4] A function f : R" — R is called multiplicative ho-

mogeneous of degree k ;for short M Hk; if

f(tl'la"' 7txn) :tkf(xh 7xn)
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for allt € RT.

Definition 4.2. [4] A function f : R® — R is called additive homoge-
neous of degree k ;for short AHE; if

f+my,- b+ a,) =1+ [l x)
for allt € RT.
A special case if k = 1, then the function f is called homogeneuous of

degree one (HD1). As a result, we say (M H1) and (AH1) in multiplicative

and additive cases, respectively.

4.2  Order Reduction Theorem For HD1

In this section, we present a theorem that plays an important role in reducing
the order of difference equations in both cases multiplicative and additive.

H. Sedaghat in [5] shows that every difference equation of order k + 1

Tpy1 = fn(mna Tn—1,""" 7l'n—k)7 (41)

with each mapping f,, being homogeneous of degree one with positive initial
conditions is equivalent to a system that consists of an equation of order k

and a linear equation of order one.

Definition 4.3. [5] The difference equation Eq.(4.1) is said to be M H1 if
fnisMH1,YVn=0,1,---.

Definition 4.4. [5] The difference equation Eq.(4.1) is said to be AH1 if f,
is AH1,Vn=0,1,---.

We have the following theorem.
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Theorem 4.5. [5] Let G be a nontrivial group. And let

Tpt1 = fn(xna Tp—1,""" 7xn—k)7 (42)

be an equation of order k 4+ 1. Then,

1. If fn is MH1 relative to G for all n > 1, then Eq.(4.2) is equivalent to

the following system of equations

Tny1 = fn(la r;l, (Tnflrn)ila T (rnfk+1 T rnflrn)71>7 (43)

Spil = SpTnil- (4.4)

2. If f, is AH1 relative to G for all n > 1, then Eq.(4.2) is equivalent to

the following system of equations

'ny1 = fn(07 —Tny =Tn—1 —Tn, ", =Tp—k+1 — " — Tn), (45)

Spi1l = Sp A+ Tpit. (4.6)

Where the first equation in each system is of order k and the second is linear

in s, of order 1.

Proof. 1. suppose for each solution {z,}°° , of Eq.(4.2), we define

rn:x;ilmn,Vn:—k;Jrl,—kﬁLZ,--- :

Then,
Tapl = Ty Tpp
= 2, (T, o1, Trny e Ty
= fol@  wn, ), 1, 2 g, 2 )
= fa(L oy o, (o o) (2 00) o (2 1) (224 0 0)

" (x;ik-i-lxn—k))
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- fn(17 7}717 (Tﬂ—lrn>_17 T (TTL—k-l-l T Tn—lrn)_l)'
It follows that {r,}»> ., is a solution of Eq.(4.3). And since z,, =
TnTnat, let s, =z, forn=—-k+1,—k+2,---, we have
Sn4+1 = SnTn41-
It follows that {s,}7> . is a solution of Eq.(4.4), so that {(r,, sn)}0> 114
is a solution of the system.
Conversely, suppose { (7, sn) }o2 ;. be a solution of the system. Then
{rn}e> 441 is a solution of Eq.(4.3) and {s,}o_,., is a solution of
Eq.(4.4). Choose z_ € G and set x, = s, forn = —k+1,—k+2,---.
Then,
Tn+1 = Sn4l

= SpTn+1

- xn,fn(L 7’7717 (Tn—lrn)_17 Ty (T'ﬂ—k-H o T'fl—lrn)_1>

= ful@n, n(, ) 7w (2, gwn) T >xn(x;ikxn)il)

= fn(xna Tp—1,""" 7xn7k)-
It follows that {z,}>° , is a solution of Eq.(4.2).

2. suppose for each solution {z,}°° , of Eq.(4.2), we define

rp=2Tp —Tp_1,Vn=—k+1,—-k+2,---.

Then,

'n4+1 = Tpy1 — T
= —I,+ fn(xna Tp—1,Tp—2," " ,Q?n,k)

= fn(_xn + Tn, —Tn + Tp—1, —Tn + Tpn—2,"" , —Tn + xnfk)



4.2.  Order Reduction Theorem For HD1 42

= fn(07 —Z, + Tp—1, (_mn + xn—l) + (_xn—l + J:n—Q)a R

(_xn + -rn—l) + (_xn—l + xn—Q) +---+ (_xn—k—l—l + xn—k))

= fn(Oa —Tn, = Tpn —Tpn-1,""", —Tn —Tp—-1— """ — Tn—k—l—l)'

It follows that {r,}52_,., is a solution of Eq.(4.5). And since x,41 =

Tp+ That, let s, =x, forn=—k+1,—-k+2,---, we have

Sn+1 = Sn + Tn+1-

It follows that {s,}>_, ., is a solution of Eq.(4.6). so that {(7,5,)}0> _4iq
is a solution of the system.

Conversely, suppose {(7,, sn) }o2 ;1 be a solution of the system. Then
{rn}o2 1.1 is a solution of Eq.(4.5) and {s,}0> .., is a solution of

Eq.(4.6). Choose x_j, € G and set x, = s, forn = —-k+1,—k+2,---.

Then,
Tn+1 = Sn4i
= Sp Tt Tht1
= T,+ fn(oa —Tny, = Tnp —Thn-1,""" s Th —Tp—1— """ — rn—k-{—l)
= fn(xn + nyn Ty Ty — T —Tp—1y"" Ty —Tpn —Tp—1— " — Tn—k—&—l)
= fn(xnuxnfla"' 7xnfk>-

It follows that {z,}>° , is a solution of Eq.(4.2).

Remark 4.6. [5]

1. We can construct the first equation in each of the above systems in the

previous theorem quickly by substitution as follows
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If fis MH1, then
1 — Ty (rn—i-‘rl T Tn—lrn)_l — Tp—i

fori=1,2,--- k.
And if f is AH1, then

0 > T,y —Tn—it+1 — " —Tp—1—Tn > Tp—j
fori=1,2,--- k.

2. The system in the above theorem in each case can be solved explicitly
in terms of a solution {r,}>2_, , as follows

If fis MH1, then
Sp = SoTiTe " Tp,n=1,2,3,---

and since z,, = s,, forn = —k + 1, —k + 2,---. Therefore, the solution

of Eq.(4.2) is

l'n:l'()HT'i.
i=1
And if f is AH1, then
S =8y +ri+ret-+rp,n=123--

It follows that the solution of Eq.(4.2) is

n
Ty = To + 5 Ti.
i=1

Thus for HD1 functions in both cases MH1 and AH1 , the above
theorem essentially reduces the study of Fq.(4.2) with order k + 1 to
that of the first equation of the above system which is of order k.

Here, we will discuss equations of order k > 2, to illustrate the above

theorem.
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Example 4.7. [4] Consider the non-autonomous second order rational

difference equation

T2 + bpp Ty 1
Lo+l = ) (47)
CpTp—1

where a,,, b, > 0 with a,,+b,, > 0 and ¢,, > 0 for all n. The previous equation

can be written as

2
AnTs 4+ DXy Lo
n—

where o, = 22, 5, = g—:

fn is M H1 under multiplication for all n > 1, since Vt > 0,

n(tz,)? + Butz,) (tr,_1)
tT,—1
2 (@2 + BrpTy_1)
tTn_1
= tfu(Tn, Tno1).

fn(txna twn—l) ==

By the above theorem Eq.(4.7) is equivalent to the following system

Tn41 = fn(larrjl)a

Sn+1 = SnTn41-

Now, solving the first equation of the system

Tny1 = fn(la 7"7:1)

= f(L )

n

= QpTp + Bn

Therefore, 7,1 is a first order linear non-homogeneuous difference equation,

whose solution is
n—1 n—1

Tn = ﬂaiT0+Z(H Ozj)ﬂi (49)

i=0 j=i
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where rq is an initial value for r,,.

Thus, the solution of Eq.(4.8) can be written as follows

T, = T H Tk (4.10)
k=1
where 7y is given by Eq.(4.9).

Example 4.8. [4] Consider the non-autonomous second order difference
equation

Tp41l = Qp + Ty + Cn(bn + Xy — xn71>2 (4'11)

where a,,, b, and ¢, are given sequences of real numbers. This example illus-

trates the additive case, f, is AH1 for all n > 1 since Vt > 0,

falt+ T, t+x,q) = an+t+a,+cp(by+t+x, —t—xn_l)Q

= t+ fn(xna l'nfl)-

Thus, Eq.(4.11) is equivalent to the following system according to theorem(4.5)

Tn41 = fn(oa_rn)

Sp+1 = SnTn41
The first equation of the system becomes
Tra1 = Gp + Cp(by +70)° (4.12)

which is a first order non-linear difference equation, after solving it, the

solution of Eq. (4.11) is given as

n
Tn = To + E T
i=1

In particular, if a,, — 0, b, — 0, and ¢,, — 1. Then

Tnt1 = 7“721 (413)
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Eq.(4.13) can be solved recursively. Let r be given, then

1
n=1, rlzrgzrg,

2
n =2, 7“2:7‘%:7“3:7“(2),

2
n=3, r3=ry=r=17,

n=4, ry=1r3=1r=r18,

n==k r,=ri_, =15,
Therefore, the solution of Eq.(4.13) is
Tn =Tq »

where rg = g — x,_1. And in this case, the solution z,, is

ro(l—r3") ot (20 — 2n1)*(1 = (w0 — T,1)*")
1—r2 7 1— (g —xp1)?
0 0 n—1

n
21'
Ty = To+ E ro = o+
i=1

Example 4.9. [5] Consider the autonomous third order difference equation

that is both AH1 and M H1
2
Tpyl = Tp + ——, (4.14)

where a > 0, and the initial conditions xz_5,x_1, and x( are positive such

that Lo, L _2 7é r_q.

We will solve Eq.(4.14) as an AH1. Therefore, it can be reduced to an

equation of order two such that

ar?

Tn+1 = f(O, —Tpn, —Th — rn—l) = r - ) (415)
n—1

with r, = =, — x,,_1, note that r,, Z0V n > 1.

The solution of Eq.(4.15) can be written with respect to 7, as

Tp = T+ Z T, (4.16)
i=1
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Now, we need to find r; and then substitute it in Eq.(4.16).
Note that Eq.(4.15) is M H1, hence we can reduce it to a first order difference

equation such that if we consider

2

ar
Tni1 = —— = g(Tn, Tn-1), (4.17)
Tn—1
then it’s reduced equation is
1
tTLJrl = g<17 t_) = aty, (418)

n

with ¢, = -2, and the solution of Eq.(4.17) using Eq.(4.18) can be written

rn—1"’

as
k

Tk :’I“()Hti, (419)

=1

Eq.(4.18) is a first order linear homogeneuous difference equation, its solution
is given by

tr = a"to,

with tg = -*. And then Eq.(4.19) becomes

71 :
k
r. = To H a'ty
i=1

— Totlg(a1+2+---+k>

k(k+1)

= rotha 2 . (4.20)

Substitute Eq.(4.19) into Eq.(4.16) to get

i+l

n n
o iit1) il
Ty = To + To E toa 2 =x9+T10 E (toa 2 )",
i=1 i=1

To—T_1

where to = - —

Example 4.10. [5] Consider the autonomous rational difference equation of
order k +1

az,_
Tyl = :Bn(x—k]:l +b), (4.21)
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where a,b > 0, and a + b # 1.
Eq.(4.21) is M H1, and it is reducible to an equation of order k.

Let r, = *2—, then

n—1"’

Ty ALp_
+1 — ¢ + b7
T Tn—k
Tnil = GTp_pi1 + 0. (4.22)

Eq.(4.22) can be written as:
Tnik = ary + b, (4.23)
Eq.(4.22) can be solved recursively. Let g, 71, ,rx_1 be given, then

n=0, r,=arg+b,

n=1, rg =ar;+Db,

n==k—1, roy_ =ar,1+0,

n==k, roy=ary,+b=a’ry+ab+b,

n=k+1, r2k+1:ark+1+b:a27‘1+ab+b,

n=2k—1, rs_1 =ary_1+b=a*r,_+ab-+b,

n =2k, 7Ty = ary +b=a’ro+ a’b+ab+b,

n=2k+1, ryxi1 =aryg1+b= a®ry 4+ a*b+ ab + b,

n=3k—1, ry_1 =ars_1+b=a’r,_; +a’b+ ab+b.
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We note that

rk:aro—i—b,
rgk:a2r0+ab+b,

rap = a’ro + a’b+ ab + b,

we conclude that the formula of the solution with respect to rg is

m—1
T = Tmk =a"'Tog+b E a', m=12,3---.
i=0

And

The1 = ary + b,
2
Top41 = ATy + ab + b,

Tape1 = a°r + a®b + ab + b,

We conclude that the formula of the solution with respect to ry is

m—1
rn:rmkﬂzamrl—i—bg a'y, m=1,2,3,---.
i=0

If we do the same notations and calculations as above, we will reach to the
last r,_1, and we conclude that

m—1
m 7
Tn = Tmkik—1 = G rk,1+bg a', m=123---.
i=0

Therefore, the general solution of Eq.(4.23) is

"—1 b b
T, = rnk—f—t = a”?“t + ba 1 = CLn (Tt + > — s (424)
a —
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where n =1,2,3,...,¥t=0,1,--- ,k — 1. Now the solution of Eq.(4.21) is

xn:xojl:[lrj:xo}:[l(a](n—i—a_l)—a_l),

Vt=0,---,k—1landr, =-"

Tp—1"

Example 4.11. [5] Consider the autonomous rational difference equation of

order k£ + 1
b
ntl = T, , 4.25
Tntl =@ +a+xn,j—xn,k ( )
with initial conditions =g > x_qy > --- > x_; where a,b > 0, £ > 1 and
0<j<k-1.

Eq.(4.25) is AH1, so we can reduce its order by one to have the following

equation of order k

b

)
a—+ Tn—k+1 + T'n—k42 +oee A+ T'n—j

st = (4.26)

since we substitue 0 — x, and 7,41 +Tp—py2+ - FTp_j —> Tpoj — Tp—k,
because

Tn—j = ~Tn—j+1 — Tn—j+2 = " = Tn—1 — Tn,
and note that the number of terms in z,_; is j.

And since 0 <j <k —1,

Tn—k = ~Thn—k+l —Tn—k+2 — " —Tpn—j —Tn—j41 — " — Tn-1—Tn,

and note the the number of terms in x,,_ is k.
Therefore,

Tn—j — Tpn—k = Tn—k+1 + rp—kyo+ -+ Tn—j,

with £ — j terms.
Also since r,, = x, — z,,_1 and according to the inital conditions of Eq.(4.25),

we have 7o, 7_1,- -+ ,7_g+1 > 0 as initial conditions of Eq.(4.26). This implies
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that r, > 0 for all n > 1, so the corresponding solution of Eq.(4.25) is

increasing and eventually positive since by

n
Ty = To + E T
i=1

We can transform Eq.(4.26) to a more familiar equation by substituting t,, =

— we have
Tn

= a+Tp—+Tnj1+ -+ Tppr1,

. n b . b b
n = a )
i ey thjo1 ln—gga

k—1 1
- “*bzt a
Z:] n—




ON LIE SYMMETRIES AND
DYNAMICS FOR HOMOGENEUOQOUS
DIFFERENCE EQUATIONS

In this chapter, we will review an Euler’s theorem for multiplicative homo-
geneuous functions and a lemma for additive homogeneuous functions. We
try to find the characteristic function @Q(n,x,) for some difference equations
using Lie symmetry method. Then, we present two theorems that gives the
characteristic function Q(n, x,) directly for M H1 and AH1 respectively. We
do that by using Lie symmetry method and order reduction theorem. Finally,

we will review stability to study convergence for M H1 of second order.

5.1 FEuler’s Theorem For Homogeneuous Functions

In this section, we present another way to check if a given function is homo-

geneuous of degree k rather than the definition.
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Theorem 5.1. [9] Let f : R — R be continuous, and differentiable on R} | .
Then f 1is M HFk iff for all x € R?} |

kf(z) = Z af@)mi. (5.1)

Proof. Suppose f is homogeneuous of degree k. Fix x € R"}, and define the
function ¢ : [0,00) — R (depending on z) by
g(t) = f(tz) —t*f(x),
and note that for all ¢ > 0,
g(t) = 0.
Therefore, for all ¢ > 0,
g(t)=0.

But by the chain rule, since z € R},

gy =S 200 iy =0

- Ox;
=1
evaluate ¢'(t) at t = 1 to obtain Eq.(5.1).

Conversely, suppose

for all z € R% . Fix any > 0 and again define ¢ : [0,00) — R (depending
on x) by
g(t) = f(tx) — 1" f(x),

(need to show g is identically zero) and note that g(1) = 0. Then V¢ > 0,

g/(t) _ Z 8f(tx) T; — k‘tk_lf(l‘)

i1 a.TZ

= ¢! (Z —aj(;(;f)t:c@) — kt" L f ()

i=1

= t'kf(to) — kt" ' f(x).
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So,
tg'(t) = k(f(tz) —t*f(x))

= kg(t).

Since t is an arbitrary constant, g satisfies the following differential equation

with an inital condition g(1) = 0.

integrating both sides, we get
Ing(t)=klnt+c=1Int" +c,t > 0.
Now apply the natural exponential to have
g(t) = Ct*,

where C' is an arbitrary constant, by using the initial condition we have
C = 0. Therefore, g is identically zero, so f is homogeneuous of order k£ on

R?” ,. Continuity gurantees that f is homogeneuous on R” . O

Lemma 5.2. Let f: D C RY — R be a class C!, then f is AH1 iff

k

of
8[171'

(x1,m9,...,x1) = 1. (5.2)

=1

Proof. Assume that f is AH1; that is, V¢t € R and (x1,29,...,2x) € D,

f<t+l'1,t+$2,...,t+l'k) :t+f(l'1,l'2,...,$k).
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Differentiating both sides with respect to t as follows,

of 8(t+x1)+ of 3(t+$2)+...+ of  ot+umy)
6(t+x1) 825 8(t+x2) 815 8(t+xk) 875

Clearly, % =1,Vi=1,...,k and substitute t = 0 we get,

=1.
8137;

a_m+a_@+... a—m:

=1

Conversely, suppose that Eq.(5.2) holds. For all x € D, define
¢(t) = f(t+$17t+$27,t+xk> —1— f(.??l,.’L'Q,...,QIk)

we need to show ¢(t) = 0,v¢ € R. Clearly ¢(0) = 0, and

k
oy of _

and by Eq.(5.2) for all (t + xq1,t 4+ xo, ..., t + 1) € D,
¢'(t) = 0.
Therefore, ¢(t) = ¢ and since ¢(0) = 0, we have ¢ = 0 and hence
é(t) = 0, Wt € R.

The proof is complete. O
5.2 Characteristic Function For Some Difference Equations
Using Lie Symmetry

In this section, we try to find a characteristic function () for some difference

equations with different orders by following steps in Lie symmetry method.
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Symmetry 56
5.2.1 The Characteristic Function for the difference 2" OAE
I%Jﬁ’??ﬁl
l’n_i_l - Tn+Tn—1

In this section, we need to find the characteristic function for the second

order difference equation that is M H1,

2 2
T, +T

Tntl = %_F—‘ij = f(xn,xn,l). (53)
To find Q(n, z,), we write the LSC' for Eq.(5.3), as follows
of of _
Qn+1,f)— aan(n,mn) - m@(n —1,z,1) =0, (5.4)
but,
of _ 2w,
axn B Tn + 1171717
8f _ 2xn—l _ f
8$n_1 N Tn + Tp—1 ’
and
8xn_1 . 8f/c9xn . an - f

Or, — Of[0xn 1 2wn1—f
Then Eq.(5.4) becomes

2x, — f Q(n.z,) — 20,1 — f

S ) 1, 1) =0, (55
Ty + Tyt :cn—irq:n,lQ(n  Tn-1) (5:5)

apply the differential operator L to Eq.(5.5), where L is defined by

I 6+axn_1 g 8_ 2z, — f 0
Oz, ox, O0r,_1 Ox, 201 — f ) Oxp_y’

0 2-1711 - f anfl - f
a_gjn (Q(TL ‘I’ 1, f) — m@(n, ZL‘n) — m@(n — 1, xn—l))
2$n — f 0 2xn B f
B (21'77,_1 - f> axn—l (Q(n * 1’ f) a Tn + xn—lQ(n’ xn)
20,1 —
= xi+—lxn_{Q(" - 1,xn_1)> —0, (5.6)
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Symmetry -
but,
i(Q( +1,f)=0
ox, e -
8 Ql’n_f . an—f , 2xn1+f
axn <xn + xnilQ(n’ xn)) N xn + wn*lQ (n’ xn) + (xn + $n71)2Q(n’ xn)?
0 (2x,1—f 2 f
axn (.Z'n + Ln—1 Q(n 1, xnl)) - (xn + xn*l)Q Q(n 17 xn*l)?
and
&Cn,l (Q(n + 17 f)) - O,

a ( e Q(n,xn)> - _23:”—_]02@(”’%”)’

axn—l Tn + Tp—1 (xn + xn—l)
0 256'”,1 — f 21'7171 - f 2xn + f
L, )| = o ey ) — O — 1,2, ).
axnfl (xn + Ty Q(n v 1)> e i O | Q (n ! 1) * (xn + xnfl)zQ(n ! 1)

This leads Eq.(5.6) to

2xn - f
Tp + Tp—1

, 21+ f 20,1 — f 2, — f
A P R A ro e E L (2xn_1 = f)

<2$"—_~f2@(n,xn))—MQl(n_l’x”_l)_%Q(H_L%_IO -

(5.7)
Rearranging and gathering similar terms, we get

2, — f 422 + 422 | —Afx,

JR— / ’n], xn + n, mn +
Tn 1 In_lQ ( ) <2In_1 - f)(xn + C571—1)262( )
Afay_q —4a? — 422 _, 2, — f
n n _ 1 e _ TL— / . 1 - _
(22zn—1 — f)(2n + xn_1)2Q(n  Tn-1) T, + $n_1Q (n , Tp1) = 0,

(5.8)
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multiply Eq.(5.8) by (22,1 — f)(x, + z,_1)%, we get

(22, — [)2rp1 — f)(@n +201)Q (0, 2,) + (422 + 422 | —4f2,)Q(n, z,)+

(4frp_1—422 =422 )Q(n—1,2y_1)— 22, —f)(20p_1—f)(@n+2n_1)Q (n—1,2,_1) = 0,
(5.9)

differentiate Eq.(5.9) with respect to x,, yields

(an - f) (21:71—1 - f)(l‘n +xn—1)Q”(n7 :L‘n) + ((an—l - f)(4xn + 2xn—1 - f)"‘
Ay + 2y = )@ (n,2) + 422, — [)Q(n, 24) — 82,Q(n — 1, 21)

—((2zp_1 — Az + 22,1 — [)Q'(n—1,2,1) =0, (5.10)

differentiate Eq.(5.10) with respect to x,,

<2xn - f)(z'fn—l - f) (xn +In—1)Qm<n7 1771) + ((2$n—1 - f) <4xn +2x, 9 — f)""
422 + 22 | — fr,)Q" (n, z,) + (162, + 81,1 — 12£)Q'(n, 2,,) + 8Q(n, ,,)

—8Q(n—1,,1) — 4221 — /)Q'(n — 1,2,1) =0, (5.11)

differentiate Eq.(5.11) with respect to x,,

(22, — ) (2201 —f)(xn+xn_1)Q(4) (n, 2,)+ 2z — f)(dwp+22, 1 — )+

Y2422 —frn))Q" (n, 1)+ (242, +162,_1—20)Q" (n, 2,)+24Q (n, z,) = 0,
(5.12)

differentiate Eq.(5.12) with respect to x,

(22— f) (2201 = f) (@0 +201)Q (1, 20) + (201 — f) (424221 — f) +
A2 42— f2.)QW (0, 2,)+ (32242421 —28 ) Q" (1, 2,)+48Q" (n, x,) = 0,
(5.13)
If we assume Q(n,z,) = cz, of Eq.(5.13) where ¢ is a constant, then the

characteristic of Eq.(5.3) is Q(n, x,) = czp.
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5.2.2 The Characteristic Function for the 3" order difference equation

+ a(Tp—Tp_1)2

xn+1 - In Tpn—1—Tn—2

In this section, we need to find the characteristic function Q(n, x,,), for M H1

and AH1 difference equation of order 3,

2
alx, — Tp_
Tpy1l = Tp + ( 1> = f(xm xn*bxn*?); (514)
Tp—-1 — Tp-2

To find Q(n, z,), we write LSC for Eq.(5.14), as follows :

af af af B
Q(n+17f) 8[)3”@(”71;”) axn_1Q<n 17$n—1) axn_QQ(n 27$n—2) - 07
(5.15)
but,
of 14 2a(x, — xp_1) g 2(f — xy) _ 2f —xp_1 —xn,
axn Tp—1 — Tp—2 Tp — Tn—1 Tp — Tp—1
af 2 1
8xnfl B (f B xn) <xn1 Tn, * Tn—2 xnl)
and
of  alwn—wmp)®  f—wy

a'2177172 B (I’n,1 - $n72>2 B Tp—1 — xn72‘

so the LSC is

Q(n+1>f)+2f_xnil _an(naxn)_(f_xn)( 2 + ! )

Tn—1 — Tn Tn—1 — Tn Tp—2 — Tp-1
f — Tn

Qn—1,m, 1)+ ———
Tp—2 — Tp-1

Q(n—2,2,-2) =0, (5.16)

Now, we apply the differential operator L, given by
0 n 0xp_o O

L =
oz, 0z, O0T,_o

but,

Oy—2 _ of |0z, _ (1 + %) _ (T2 —Tn1)2f —Tpn — Tp1)

Ox,, B _8f/8a:n_2 B f=an (f - xn)(xn - xn—l) 7

Tp—1—Tp—2
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Now, we apply the differential operator L to Eq.(5.16) to get

0 2f — n—1 — 4n 2 1
a_xn<Q(n+1,f)+ f—xp1—x Q(n,xn)—(f—xn) (:En_l— + )

Tp—1 — Tn

QW—L%%n+—i:fl—@msz%g>+(WW&_ﬁwﬁffix"_%%0>

Tp—2 — Tn-1 (f —xp) (2 — Tpy)
2f Tp—1 Tp 2 1
al'n—Q (Q(n+17 f)+ Tpn—1 — Tp Q(TL, In)_(f_-rn) (3?”_1 — T, Tp_o— xn—l)
Q(TL - 1a zn—l)"‘
xni__a;"n_l Q(n —2, :cn_z)) =0, (5.17)
but
0
axn Q(n+17f)> =0
0 (2 = na = TR 27 — 1)
Oy Tp1 — Tn ! 7%)) Ty — T Q'(m, ) + (Tn-1 — xn)QQ(n’In)’
68 f = Qln - 27%_2)) _ Qn—2,z,)
Tn \ Tn—2 — Tp-1 Tpea — Tp—1
0 2 1
o, ((f Tn) (xn_l e xn_1>Q(n —1, xnl)) -
2(f —wp 1) Qn—1,2, 1)
<$Un71 . $n>2 Q(n - 17 xnfl) - L9 — Ty 1 y

and
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— 1.z —
a-7371—2 <<f xn) (xn—l - xn+xn—2 - xn—l) Q(n o 1)> (ajn—2 - xn—l)z
Q(?’L - 17 xn—l)?
0 f—z, f—x, , f—z,
9 S 2 )=
axn—? ($n—2 — Tp-1 Q(n o 2)) Tp—2 — Tp-1 Q (n i 2) (':En—Z - xn—1)2

Q(n—2,z, ),

Substitute the above partial derivatives in Eq.(5.17) and rearrange the result

to have

2f —Tno1— T 2(f —wp1)
Tpo1 — Tn Q (’I‘L, l'n) + m@(n, $n)

+2(xn—1 - f)(xn—2 - xn—1>2 + (l‘n—l - xn)2(f + Tp—2 — Tp — xn—l)
<$n71 - .13”)2(.]7”,2 - xn71>2
2(1‘71—1 - f) 2f — Tp—1 — Tp
(l‘n - xn—l)(xn—Z - xn—l) Q(n_27 xn_2)+ Tp — Tp—1

Q(n_la xnfl)

Q/(n_27 xn—2) - 07

_|_

(5.18)

multiply Eq.(5.18) by (z, — x,_1)?, and then differentiate the result with

respect to x,, we get

(In—l - xn)(Qf —Tp-1 — xn)Q”(nv xn) + 2($n - xn—l)Q/(na xn)

@ @) 2 =S ) o

(:L‘n—Z - xn—l)Q
20t =) (= 2,0 + 20 — 1)@ 0 — 2,3,2) = 0, (5.19)
Tp—2 — Tn—1

+

differentiate Eq.(5.19) with respect to x,, and rearrange the result to have

(xn_l—xn)(2f—:rn_1—xn)Q(3) (n, x,)=2(f—2xp+1,_1)Q" (N, 1,)+2Q" (n, z,,)

! (z z — Zp1)? 1Q(” — L) —2Q'(n —2,2,-5) =0, (5.20)

another time, differentiate Eq.(5.20) with respect to z, and rearrange the
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result to have

(:Un—l_xn)(2f_$n—l_$n)Q(4) (n7 mn)_2(2f_3xn+xn—l)c2(3) (77,, .’L"n)—l-6QH(7’L, xn)

- : Qn—1,1,1)=0, (5.21)

(xn—Q - xn—l)z

differentiate Eq.(5.21) with respect to x,, and rearrange the result to have

(Tno1 — 22)(2f — Tp_1 — 20)QP (n, 2,) — 2(3f — dzp, + 1) QW (1, 2,,)

+12Q¥ (n,z,) = 0. (5.22)

If we assume Q(n,z,) = cx, or Q(n,z,) = ¢, then they are solutions of
Eq.(5.22).
Therefore the characteristic function of Eq.(5.14) is Q(n, z,,) = cz,, or Q(n, x,) =

¢, where ¢ is a constant.

5.2.3 The Characteristic Function for the 4" order difference equation

+ a(Tp—Tp_1)2

xn+1 - (En Tn—2—Tn-3

In this section, we need to find the characteristic function Q(n, x,,), for M H1

and AH1 difference equation of order 4,

2
A\ Ty — Lp—_
Tp+1 = Tp + ( = = 1) = f(xny Tn—1, Tn-2, xnfi}); (523)
Tp—2 — Tp-3

To find Q(n, z,,), we write LSC for Eq.(5.23), as follows

of of of

Q(Tl + 17 f) - 8.1'”@(”737”) - 8.73”,1@(” - 1a xn—l) - 8.%”,2@(” - 2a xn—?)
0
— 8:1:5362(” —3,7,-3) =0, (5.24)
but
ﬁ 1 2a(x, — Ty_1) 14 2(f—xn)7
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of  —2a(wp —xn_1)  —2(f —zn)

axn—l Tp—2 — Tp-3 Tp — Tp—1

of - —a(x, — xnfl)Q —(f —x,)

axan B (xan - xn73>2 Tp—2 — Tn-3

and
of  alw, — Tpo1)? N

axn—S B (xn—2 - xn—S)Q B Tp—2 — Tn-3 '

So the LSC is

Qn+1,f)- (1 + %) Qn,z,) + —iif__xfﬂ@m 1 a)
+ ﬁ@” = 2,%n2) = ﬁ@)(n —3,2,-3) =0. (5.25)

Now, we apply the differential operator L, given by

0 0rp,_1 O
+

L =
0x,, 0x, O0r,_1’

but,

Or,  Of/0xn_1 —2(f—n) 2f — )

Tn—Tn—1

Orus _ Of/0x, __(H%)_zf—xn—xm

Now, we apply the differential operator L to Eq.(5.25) to get

i (Q(n +1,f)— (1 + M) Q(n,x,) + MQ(n — 1,2, 1)

axn Ty — Tp-1 Tp — Tp—1
f—z f—an 2f — @y — xpy
2 T g)— 3 2,
+xn_2 — In_3Q<n y L 2) Ty g — l‘n_3Q(n xz 3) + 2(f —x,
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but
0
9 2(f — @) 2 =Ty = Tn1 .y, 21— f)
8:cn 1+ T, — xnl)@(ny -Tn)> - Ty — Ty 1 Q ( ) n) + (l’n — xn71>2Q(n, l‘n),
0 (2(f —xy)

O0xp \ Ty, — Tp_1 (Xn, — Tp_1)?
Tp \ Tpn—2 — Tp-3 Tp—2 — Tp-3
aa S = an Q(n — 3, $n3)> = —Qn =3, xn_3)7
Tp \ Tpn—2 — Tp-3 Tp—2 — Tp-3
and
1 p—
Qi+ 1.0) =0,
1428 o) e e VA
O T $n1>Q(n’ xn)) (zn — l’n—l)2Q(n7 o)
0 2(f —xn) 2(f — ) ., 2(f —xn)
— 1,2, = -1, 2z,
axnfl Tp — Tp—1 Q(n - 1)) Tn — xnle ( ’ 1) * (xn - $n71)2
0 f—x, B
a:Ijnfl Tp—2 — xnfBQ(n B 2’ xn_Q)) B 07
0 f—x,
axnfl Tp—2 — xnfBQ(n a 3’ xn?’)) =0
Substitute the above partial derivatives in Eq.(5.26) to have
2f =Ty — Tn_1 -, 2(zn — f) 2(zn1 — f)
_ ) =t JJ Ty )L —1,z,_
pa— Q' (n, ) (@ — mn_l)QQ(n x >+(a:n — xn_1>2Q(n Tn1)

2(fn — 7n)
2(f — xn)

Lp — Tp—1 (xn - In—l)z

_Q(n —2,x,9) Q(n—3, xn_3)+ <2f — T, — xn_1> (_ 2(f — z)
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which can be writen as

Ty, + Tp—1 — ZfQ'(n, l’n)+ Q(n7 xn) +Q(TL - 1,[En_1)+Q(TL - Q,xn—Q)_i_Q(n - 3,xn—3)

Lp — Tn-1 Tp — Tp—1 Tp—1— Tn Tp—3 — Tp—-2 Tp—2 — Tp-3

Of — T — o
LA T T e g g ) =0, (5.27)
Tn — Tp—1

we differentiate Eq.(5.27) with respect to z,, to get
Q) Qn—13,1)

('Tn - xn—l)z (In—l - xn)2

Tp+ Tp1—2f , 2f +xp — 3Tp1
Tp — Tp-1 Q <n7 xn)+ (xn — J}n—1>2 Q <n, xn)

+ MQ,(TL — ].,xn—l) - O’ (528)

(T, — xp_1)?
multiply Eq.(5.28) by (z, — z,_1)?, we get
(22 —22 | —2fr,+2fx, 1)Q"(n, 2,)+(2f +2, =37, 1)Q (0, 2,)—Q(n, 7,)+Q(n—1,,,_1)
+2(xp 1 — [)Q(n—1,2,1) =0, (5.29)
differentiate Eq.(5.29) with respect to x,, we get
(22 — 22 | —2fx, +2f1, 1)Q" (n,x,) +3(2p — 2p_1)Q" (0, 2,) = 0, (5.30)
divide Eq.(5.30) over z,, — x,_1 we get
(Tp + 2p1 —2)Q" (n, z,) + 3Q" (n, z,) = 0. (5.31)
If we assume Q(n,z,) = cz, or Q(n,z,) = ¢, then they are solutions of
Eq.(5.31).
Therefore, the characteristic function of Eq.(5.23) is Q(n,z,) = cx, or

Q(n,x,) = ¢, where ¢ is a constant.

5.2.4 The Characteristic Function for the difference equation

_ Tn—1Tn—k
Tnil = o2 Thes of order k + 1

We need to find Q(n, z,) for the following M H1 difference equation of order
k+1

Tn—1Tn—k
Tnt1 = m = f(QTn, LTp—1ye-esLp_ly--- ,:L‘n_k); (532)
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The LSC of Eq.(5.32) is
of of of
_Y) _ S S W _ R
Q1. f) = 5-Q(n, ) =5 = Q=15 1) =+ =5 Q=1 7,)
0
- nf_ka k) =0, (5.33)
but
of _ af*
0xpy a2,
of  bf?
0py 22,7
and

O _ovitik

8.Z'n,i

Now, substitute the above partial derivatives in Eq.(5.33) we get

2 2
Qn+1,f) — ;f Qln — 1, zny) — fzf Qn —k,zni) =0,  (5.34)
n—I n—k

applying the differential operator L to Eq.(5.34) such that
0 Oxp_r O
_|._

L= O%n_i  OTp_i OTp_p’
but
0T Of /02—y ar?
Otny  Of0tn_p  bal,’
we have
I_ o ar? . 0 .
Oxpoy b2 | Oxyy
We have
af? bf?
T (Q(n +1,f)— x%_lQ(n —lLzny) — x%_kQ(n —k, xnk)>
ar? , 0 af? bf?

(Q(n—i—l,f)—IQ Q(n—l,xn_l)—x2 Q(n—k,xn_k)> =0,

2
bx; | Oxp_p

-l —k



5.2. Characteristic Function For Some Difference Equations Using Lie

Symmetry 67
but
0
1 =
8$n_l Q(TL + 9 f)) 07
0 (af af? 2,
or,_ %ZQ(R—Z,In—Z)> = l‘%le/(n lxn,_y) — 7317162(”_ [, Tn1),
0 bf?
—k,zp_ -
axn—l l‘%,kQOﬂL » Ln k)) 0,
and
0
]_ —=
axn—k; Q(n + 9 f)) 07
0 af?
e N =
0Ty, isz(n i l)> 0
N bf? 2 f2
I ika(n — k,%—k)) = 2 Q'(n—k,xn_y)— xi,kQ(n —k, Tnp).
Substitute the above partial derivatives in Eq.(5.35) to get
—af? 2a > af? 2.2
x%_l Q’(n—l, $n—l)+ ZE%_Z Q(n—l, x"f”*’ﬂ@’(ﬂ—k, «Tnfk)— xi_lxn_k
(5.36)
multiply Eq.(5.36) by —2 we get

2

2 Q(n_l7 ajnfl) _Q/(n_k7 $nfk)+

n—l Tn—k

Q(n—k, xnfk) = 07
(5.37)

Ql(n_la xnfl)_

differentiate Eq.(5.37) with respect to x,_; to have

2 2
Q/(n —1, l’n_l) + 2

Q"(n—1x,) — Qn—1,x,)=0, (5.38)

n—I —1

multiply Eq.(5.38) by 22 _;, we get

22 Q" (n— L) —20,Q (n—lxpn ) +2Q(n — L, x,y) =0. (5.39)

Q(n—k, xnfk) = 07
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The above second order differential equation is Euler equation we solve it as
follows.

Assume the solution is

Qn—1lxyy)=2a,_,.

Then
Qn—1lx,y) = sz__}
and
Q" (n—1xny)=7r(r—1)z" 2

n—1l*

Substitute @, Q" and Q" in Eq.(5.39), we get:
(12 = 1)l — 20+ 2, =0,

(r* = 3r+2)2"_, =0,

(r* = 3r +2) =0,
we have r = 1 or = 2. Then the characteristic solution of Eq.(5.32)is

Q(n — 1, xn_y) = C1tn_1 + co15,

where ¢; and ¢y are constants.

5.2.5 The Characteristic Function of the difference equation

_ _ TnTak
Tntl = oo oo of order k + 1

We need to find Q(n, z,) for the following M H1 difference equation of order
E+1

TnLp—k
Tnt1 = m = f(fEn, Tp—1yeeeyLpn_Jye.- ,l’n_k); (540)
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where k > | The LSC of Eq.(5.40) is
of af af
QU+, )= 5@, 20) =5 Q=L 5, 0) =+ =5 Q01
0
axj_kQ(n —k,x,_) =0, (5.41)
but
of _ i
or, In
of  —bf?
axn—l B xn$n—k’
af o be:Enfl
Or, . wp22
and

of 0,Vi # 0,1, k.
axnfi

Now, substitute the above partial derivatives in Eq.(5.41) we get
f bf? bf*an

Q(TL+1, f) - I'_nQ(n7 xn) + xnxn—kQ(n_L xn—l) - l’nxifk Q(n_ka xn—k) = 07
(5.42)
applying the differential operator L to Eq.(5.42) such that
0 0x,_; O 0 Tpp O
L p— pr—
0ty |+ Oz Ozn  Omy | bf Ony
such that
OTn_y B Of [0xy,  Tn_p
oxr,  Of/0x._;  bf
we have
0 bf? bf?x,_
2 (@1, =L Q)+ L Q1,20 )= L2 Q0 )
81‘11 n nln—k nYn_k
Tpp O / bf2 bfzxn—l
bf axn_l <Q<n+17 f) xﬂ@(”? xn>+xnxn_kQ(n l? xn—l) I'nxi_k Q(n k? xn—k)

=0,

(5.43)
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but

(- Lf)) ~0,

a% xinQ(n, xn)) _ inQ’(n,:L‘n) - é@(n,wn),

% xnbjj_kQ(n - l,xn_z)> = $;;{_:Q(n —lxny),

% l;ilg”_lj@(n —k, %—k)) = %Q(n — kyTn-t),
and

624 G+, f)) -0

a:i_l :vinQ(n’x”)> -

&i—l :Enbaf_kQ(n 5 %-l)) N xnbjj—k Y= ban),

&i—l Z]::%”: Qn =k, In_k)) - $nb£kQ(n = Font)

Substitute the above partial derivatives in Eq.(5.43) to get

_ 2
x—fQ’(n, ) + mi%Q(n, 2,) — x;;nkcg(n L) + %Q’(n L)t
b n—l — 4ndn—
HLt S Bt gl ko) = 0. (540

multiply Eq.(5.44) by _jf% to get

bf Qn—1l,x, ) —2,Q (n — 1, x,)—
Tn—k

(bf 2— xnilin—k)Q(n —k, 2, p) =0, (5.45)

Lk

r,Q' (n,x,) — Q(n, x,) +
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differentiate Eq.(5.45) twice with respect to x,,, we get
2,Q" (n,x,) + Q" (n,x,) =0, (5.46)

If we assume Q(n,z,) = cx,, then Q(n,z,) = cx, or Q(n,x,) = c are solu-
tions of Eq.(5.46).
Therefore the characteristic function of Eq.(5.40) is Q(n,z,) = cx,, or

Q(n,x,) = ¢, where ¢ is a constant.

5.3 On Lie Symmetries Of Homogeneous Difference Equations

In this section, we consier the difference equations of order k + 1
Tl = fo(Tny Tn1, Tp_oy .o T g) St fr: Riﬂ — R. (5.47)

We present theorems that give explicit formulas for the characteristic function
@ in MH1 and AH1 cases. Then we solve Eq.(5.47) using Lie symmerty
method, and we reach to the same solution as order reduction theorem for

HDL1.

5.3.1 On Lie Symmetries Of Multiplicative Homogeneous Difference

Equations

Theorem 5.3. If the difference equation Eq.(5.47) is MH1, then a charac-

teristic function of the Lie symmetry is

Q(n,x,) = Ty,

Proof. Let f, be M H1 for all n. Euler’s formula for M H1 implies that

oz, Tn + 8xn_1xn_1 Tt OTp_1

Tn—k = fn('rna Tp—1y-- - 7xn—k)7
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but fo(Tn, Tn1,. . Tpng) = Tpy1 = QN+ 1,2,41).

This completes the proof.
O

Now, to solve Eq.(5.47) using Lie symmetry. Firstly, we find the invariant,

by solving
dr, dr, 1 dry . duy
Ty Tn—1 Tk (.
taking the i and j** invariants for any 7,j =n — k, ..., n, we solve
d$i . dSL’j
xX; N T ’
we get

Inz; = Inx; + ¢y,

which gives

x4
= = kij?
Zj
for some constant k;; € R. And then we solve for i =n —k,... n,
dr; dv
z;, 0

v = constant = ¢<kn,n—17 s 7kn,n—k7 kn—l,n; kn—l,n—Qu s 7l€n—1,n—k7 s 7kn—k,n—k+1)7

take ¢(kn,n—17 ceey kn,n—k; kn—l,n; kn—l,n—2; ey kn—l,n—lﬁ ey kn—k,n—k—l—l) - kn,n—l;

this gives

Tn,
Un = kn,nfl = )
Tn—1




5.3. On Lie Symmetries Of Homogeneous Difference Equations 73

and this invariant satisfies v, = 0, where

k

ov,,
I n — - .7 n—i) a8 9
v ;Q(n 1,z )8%71’
and hence
Iv, = Q(n,x )a(xiil) +Q(n—1x )a(x:il) +- 4+ Q(n—k,x )—a(x:il)
n s n a.’En sy n—1 ('3xn,1 sy bm—k 8]7”,]6
= Tn + Ty 1Ty ; + -+ $n_k0
Ln-1 Tn-1
= 0.

Now we need to write Eq.(5.47) as an equation of v,, we use homogeneity of

fn to get

Tp+1 o 1 Tp—1 Tp—2 Tn—k
— fn( ) ) P )
Tn T, T, Tn

)

which can be written as

Un+1 = fn(la U;17 (Un—lvn)_ly R (Un—k+1---vn—1vn)_1)7

which is an equation of order k, we solve it for v,, after that we use the
equation x, = v,x,_1 to find the solution of the original equation.

The canonical coordinate in this case is given by

It follows that

therefore,
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5.3.2 On Lie Symmetries Of Additive Homogeneuous Difference Equations

Theorem 5.4. If the difference equation Eq.(5.47) is AH1, then a charac-

teristic of the Lie group symmetry is
Q(n,x,) =c¢, ceR.

Proof. Let f, be AH1 for all n, Euler’s formula for AH1 implies that

Ofn Ofn Ofn
fo O, Of

=1
or, 0xrp,_1 0Ty,

Y

and LSC implies that

Ofn O fn Ofn

n+1,x,41) = n,Ty)+ n—1,x,_1)+ -+ n—k,x,_p),
QU+ L) = 51 Qln )+ Q=1 L Q)
if we compare the above two equations, we find that

Q<n7 xn) = C7
where ¢ is a constant. O]

Now, to solve Eq.(5.47) using Lie symmetry , an invariant v,, can be found

by using
dr, dr, 1 _dxpy dv
c ¢ c 0
taking the i and j** invariants for any 7,5 =n — k,--- ,n.
We solve,
d&?i = d:cj,
we get
l’i:l'j—Fkij, kij ER.
And then we solve for i =n —k,--- ,n,

dr; dv
c 0’
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fo-fo

Then, the invarient
v = constant = 7vb(k;n,n—la ) kn,n—ka kn—l,na kn—l,n—Qa Tty kn—l,n—k7 Ty kn—k,n—k+1)7

take w(k‘n,n—la R kn,n—kv Ty kn—l,n—?a R kn—l,n—ka Ty kn—k,n—k-‘,—l) - kn,n—la
this gives

Up = Ty, — Tp_1-

Also this invarient satisfies

Iv, =0,
since
a n~— 4n— a n n—
Iv, = Q(n,xn)(xTnxl) +Qn—1,2,1) (xaxni ) +
O(xn — xp_q)
— K xy,y)—— U
+Q(n y & k) al'nfk
= ¢(1)+ce(=1)+---+¢(0)
= 0.
The canonical coordinate in this case is given by
d n n
Sy = i:x——kcl, c,c1 € R,
c c

and we choose a canonical coordinate s, = x,,, and take v,, = x, — r,_;. It

follows that

Sn+1 — Sn = Tp4+1 — Tp = Ung1 = fn(xnaxnflvxnf% cee ,$n7k> — T,
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since Vn, f, is AH1,

Un+1 = fn(xn —Tpy, Tpn—1 — Ln; Tn—2 — Lny--y Tn—k — xn)
= fn(Oa _<xn - xn—l)a _(mn—l - xn—2) - (wn - xn—l)a ey _(xn—k-‘rl - xn—k)
. — («Tn _ xn—l))

= fu(0, =0, —Vp_1 — Upy ooy —Up_py1 — = Up_1 — Up). (5.48)

Equation (5.48) is of order k, we solve it for v,, to find the solution of the

original equation (5.47). We use the canonical coordinate s, = x,, and

Sn+1 = Sn + Un+41,

which is a first order difference equation, whose solution is given by
n
Sp = S0 + E Vs,
i=1

therefore,

xn:xo—l—Zvi, n=1,23....
i=1

5.4 Introduction To Stability
In this section, we review some relations and results which will be useful in
our investigation.
Definition 5.5. [3] Let I be some interval of real numbers and let
oI =T

be a continuously differentiable function. Then for every set of inital condi-

tions x_j, x_gy1,-..,To € I, the difference equation
Tpr1 = f(@Tn, Tp1,. ., Tpg),mn=0,1,... (5.49)

has a unique solution {x,}52 .
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Definition 5.6. [3/ A point £ € I is called an equilibrium point of the
Fq.(5.49) if

= f(z,z,...,%).

That is, x,, = T forn =0,1,..., is a solution of Eq.(5.49), or equivalently,
x 1is fized point of f.

Definition 5.7. (Stability)/3]

o The equilibrium point T of Eq.(5.49) is locally stable if for e > 0, there

exists 0 > 0 such that for all x_p,x_p1,..., 29 € I, with

T_p — T+ T 1 — T+ g — Z] <9,

we have

|z, — | <€, Yn > —k.

o The equilibrium point T of FEq.(5.49) is locally asymptotically stable if
z s locally stable of Eq.(5.49) and there exists v > 0, such that for all

T gy T pat,---, 2o € 1, with

T — T+ T ppr — T+ -+ |z — T <7,

we have

lim z, = .
n—oo

o The equilibrium point T of Eq.(5.49) is global attractor if for allx_j, x_j11,...,T0 €
I, we have

lim z,, = 7.
n—oo

o The equilibrium point T of Eq.(5.49) is globally asymptotically stable if
z 1is locally stable, and T is also global attractor of Fq.(5.49).
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e The equilibrium point T of Eq.(5.49) is unstable if T is not locally stable.

Definition 5.8. [3] The linearized equation of Fq.(5.49) about the equilib-
rium point T 1s the linear difference equation
k o

of(z,z,...,T
Ynt1 = Z f( )yn—z"

i=0 Oy

Theorem 5.9. (Linearized Stability)[3] Assume that p; € R, i = 1,2,...
and k ={0,1,...}. Then

K
> lpil <1,
i1

s a sufficient condition for the asymptotic stability of the difference equation

xn+k+p1$n+k71+"'+pk$n:Oanzoala"'

5.5 Multiplicative Homogeneous Equations of Second Order

Let
Tpi1 = [(Tn, Tp_1),m=0,1,... (5.50)

be a second order M H1. Therefore, this equation is equivalent to
Fss = F(L 7). (5.51)

It is convenient in what follows to define the mapping

g(r) = f(L,r7h),

so that Eq.(5.51) can be written as 7,411 = g(r,). Here, we focus on positive
solutions. Let f be a positive function, and assume that the continuous map
g:(0,00) = (0,00) has a unique fixed point 7, so that 7 is an equilibrium of

Eq.(5.51). Then the ray {(z,7z) : « € (0,00)} or rx for short is an invariant
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set of Eq.(5.50) in the state—space (0,00)%. Since if (z_1,z0) is a point on
this ray so that xo = rx_q, then ro = 7 and thus r; = 7, since
ri=g(ro) = g(r) =T,

therefore, z1 = 7xg; i.e.(zg, x1) is on 7z. By induction, the state—space orbit
(Tn_1,2,) is on the invariant ray for all n.

So we have
Tp =TpTp—1 = TnTpn—1Tp—2 = " = T'plp—-1...7120,

and thus
x, = (7)"x.
We have three cases according to the value of 7,

e If 7 < 1, then every orbit of Eq.(5.50) starting on 7z will converge

monotonically to 0 on 7x.
e If 7 =1, then every orbit in 7z is stationary (a point).

e If 7 > 1, then every orbit of Eq.(5.50) starting on 7z will goes to oo

monotonically.

We see that the invariant ray 7z is analogous to a fixed point for Eq.(5.50),
in the sense that by taking the quotient of (0, 00)? modulo 7z, Eq.(5.50) is
transformed into a topological conjugate of Eq.(5.51), and the ray 7z into

the point 7; on the space of rays through the origion. We conclude to,

Theorem 5.10. [9](Solutions on the invariant ray)

e If 7 < 1, then the solutions of Eq.(5.51) on the invariant ray 7z con-

verger to 0 monotonically.
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e If 7 = 1, then the solutions of Eq.(5.51) on the invariant ray 7z are

stationary or contant solutions.

o If 7 > 1, then the solutions of Eq.(5.51) on the invariant ray 7z con-

verges to oo eventually monotonically.

Theorem 5.11. [9]

e Let 1 be globally attracting. Then,

— If 7 < 1, then every positve solution of Eq.(5.50) converges to 0
eventually monotonically.
— If 7 > 1, then every positve solution of Eq.(5.50) converges to oo

eventually monotonically.

e Let for r > 0, g(r) < r. Then, every positve solution of Eq.(5.50)

converges to 0 eventually monotonically.

Lemma 5.12. [9] Let x,, be a given sequence of real numbers. If there exists

a sequence y, of positive real numbers such that
‘$n+1_xn’§yn|xn_xnfl‘a n:()vL'“a
and lim,__, vy, =y < 1, then z,, converges to a finite limit.

Theorem 5.13. [9] Let 1 be globally attracting for Eq.(5.51). If 0 <
(0f/0z)(1,1) < 2, then every positive solution of Eq.(5.50) converges to

a finite limit.

Proof. 1 is globally attracting for Eq.(5.51), that is g has a fixed point at 1,

and lim,,__,oo 7, = m"“""l = 1. Then, to use the above lemma we write
e
f(wnaxnfl) — Tn f(wiiﬁ 1) o x:i1
| Tp4+1—Tn |: | Tp—Tp-1 |: T 1 | Tp—Tp—1
Tp — Tp—1 Tr1 -
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Assume that
f(.l’n’il ? 1) B ﬁ

n—
Zn_ _ ]
Tn—1

Yn =

)

Clearly, y,, is positive, and we can find its limit by L’Hpspital’s rule.

. . f(:vxil’ 1) - zxil af
v = B | = 5D 1|
Now,
of of
91 —1‘<1<:>0<—1,1 <2
8;5( ) 89:( )

Therefore, by the above lemma =z, conveges to a finite limit. The proof is

complete. O

The following example, illustrates the above theorem.

Example 5.14. Let the M H1 of order two

2xn71xn

g = —nmlfn 5.52
Tn+1 o1+ o ( )
in example (3.22), we find its solution and is given by
1
Ty = — 5.53
c + 02(_2)—71 ( )
where ¢; and ¢ € R, are not both zero.
Now, the reduced equation of Eq.(5.52) is given by
2
Tn+1 1 ( )

which is a first order non-linear difference equation, its fixed point are 1 and

—2, we find them by solving the following equation

=SP4 7F-2=0=(T+2)F-1)=0=>7F=1,-2.

=

N
To prove that 1 is a global attractor of Eq.(5.54), we need to find its general

solution.
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Eq.(5.54) which is a type two of Ricatti Equation, that is a non-linear first
order difference equation that we can transform to a second order linear

difference equation as follows,
[12] Equations of general Riccati type 2:
a(n)x, + b(n)

c(n)x, +d(n)’
where ¢(n) # 0, and a(n)d(n) — b(n)c(n) # 0 for all n > 0.

(5.55)

Tn+1 =

To solve it, we let

c(n)z, +d(n) = 2,

Zn

then we substitute

into equation (5.55), we obtain

Zn42 CdnA+ D)\ [ zan | o d(n) i
o () -5) o

Multiply this equation by c(n + 1)z,, we get

c(n+1)zp41 n (a(n)d(n)c(n +1)

Znia—d(n+1)z,1—a(n)

c(n)

which is equivalent to

%H—wan—amd"+”>%H+<“m“md”+”—Mmdmuvaf:q

c(n) c(n)
this equation is of the form
Znt2 + 91(n)2ny1 + g2(n) 2, = 0,

which is linear difference equation. Now to solve Eq.(5.54), we note that
a(n) = 0,b(n) = 2,¢(n) = d(n) = 1, therefore ¢(n) # 0 and a(n)d(n) —
b(n)c(n) = =2 # 0,¥Yn > 0. So we let

o4 1= 22 (5.56)

Zn
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we obtain

Zn+o — Zpn+1 — 22, = 0.
The characteristic equation is

pt2 gt _opn —

which implies that
r*—r—2=0,
so the characteristic roots are: » = 2 and r = —1 and the general solution is
zn = 12" + co(—1)",

where ¢; and ¢3 € R, are not both zero. From (5.56) we have

cl(2>n+1 +02(_1)n+1
c1(2)" + co(—1)"

201(2)" — (=1

c1(2)" 4+ co(—1)n ’

-1

n

where ¢; and ¢; € R, not both are zero. Taking the limit of the solution of

Tn,
2c1(2)" — co(—1)"
lim r, = lim (2) &(=1) -1,
n— o0 n— o0 01(2)n—|—62(—1)n

divide the above limit by 2", we have

2¢1 — co( =LY 2¢1 —
lim p =l 2 5) 2020

2 = —1=2-1=1,
n—>o00 n—oo 1 + CQ(T)n c1 + 0

We conclude that 1 is a global attractor of Eq.(5.54).

And 0 < (0f/0z)(1,1) = & < 2. Therefore, by the above theorem every
positive solution of Eq.(5.52) converges to a finite limit. To see that, we find
the limit of the solution of Eq.(5.52) that is in (5.53) as follows:

1 1
lm z,= lim ——— = —.

n—so0 n—o0 C] + 62(_2)—71 C1



ON DIFFERENCE EQUATION

X _ _ XNXy-k
N+L = AXy_+BXN_[

In this chapter, we will study the dynamics of the M H1 difference equation

of order k£ +1
TnTp—k

(6.1)

Tpg1] = —————
" ATp—k + bxn—l 7

we find that Eq.(6.1) has no fixed points if a + b # 1. Therefore, we take a
special case of Eq.(6.1) with @ = b = 1 which becomes

o TnTn—k
Tnt1 =

(6.2)

Tp—k + Lp—1

We find the exact solution of Eq(6.2) by using Theorem (5.3) and study its
global behaviour according to its solution. And we will study the local and

global behaviour of its reduced equation that is given by

1

g1 = ————.
I+ 7rpkq1

Finally, we will present Matlab for their solutions.
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ATy +bTy

6.1 FEquilibrium Points Of The Difference equation

T — TnTn—k
ntl = G, et br,

In this section, we find the condition on a and b in finding the equilibrium

points of the difference equation

TnTn—k
Tpi1] = ——————— (6.3)
ATy + by
where the initial conditions z_j, x_j11,..., 7o, and a, b are arbitrary positive

real numbers. The equilibrium points of Eq.(6.3) are given by the relation

72
ax + bT

T = = 7%(a+b) =2 = 7*(a+b—1) =0,

If a4+ b # 1, then there is no positve equilibrium points of Eq.(6.3). And if
a-+b =1, then the equilibrium points of Eq.(6.3) are z = (¢, ¢, -+ ,¢),c € R*.

6.2 Exact Solution of the Difference Equation

T — LTnTn—k
ntl = G, et br,

In this section, we find the exact solution of the M H1 difference equation

TnTn—k

(6.4)

Tp+1 =
ATy + bxp_y’

of order k + 1, with £ > [ by order reduction method for HD1. Specifically

we choose k =1+ 1; to find an explicit formula of the solution of equation

T _ TnTn—k
mH ATp—k + bxn—l 7
with x_g, 2 41, , 2o initial values.Now, if we let [ = k — 1 in Eq.(6.4) we
have
TnTn—k

Tnt1 = = f(xna S Tp—k+1, :En—k)a (65)

aTp—j + bTp k41
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and the reduced equation is given by,

1,1 -1 —1,.-1 -1 -1
Tny1 = f(17 Ty Tt 7an—k—i—Q’ Ty Tho1 7An—l€—|—27an—k-|-1)
1
- - 6.6

a+brp_gy1’ (6.6)

Eq.(6.6) can be written as
1 (6.7)
Ttk = , )
Ry + br,

which is an equation of order k£ that can be solved recursively. Let rq, 7, -+ ,7p_1

be given and a = b = 1, then

1
n:()a Ty = )
1+7“0
1
:1 pr—
n y Tk+1 1—|—T17
1
n=~k—1 roy=—",
2k—1 1+7"k,1
L 1 1"—7”0
n = T = = s
) 2k 1+Tk 2—|—T0
1 1+T1
n=k+1, r = = ,
T T 24
1 1 _
TLZQI{?—]., T3k—1 — - 0 17
T+rogp-1 2471
1 2
n=2%k, rg = = —{—7“0’
1+T’Qk 3+2T0
1 2—|—’l“1
n=2k+1, r = = ,
skl 1+T2k+1 3+2’I"1
1 2—|—ka1
n=3k—1, ryg_ = = ,
T T N gy 34 2r
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ATy +bTy

Let f(n) be the Fibonacci numbers which satisfy the recurrence relation

f)=fln=1)+ f(n=2); n=>2

where f(0) = 0 and f(1) = 1. This is a second order linear difference

equation whose general solution is given by

VE(14+vE\  VB[1-v5\
f(n):?< 5 ) —?< 5 > (6.8)
We note that

_14+0rg  f(1) + f(0)ro
T T 1 F2)+ f(Drg
L+ry F(2)+ f(L)ro
T4y FB)+ (20
24+1rg  f(3)+ f(2)ro
" 342rg  f(4)+ f(3)ro

we conclude that the formula of the solution with respect to rq is

o fm)+ fm—=1)rg -
Tn_ka_f(m—i—l)—l—f(m)ro’ m=1223,--- (6.9)

and
L+0r  f(1)+ f(0)ry
LTS )+ f(Dm
L+ f2)+ f()n
P S T T F3) + f(2)m
24+1r  f(3)+ f(1)r
Tk o T (@) + f(3)m

also we conclude the formula of the solution with respect to r; is

f(m) + f(m —1)r

n — I'm = ’ :1727 y T 1
I = ) 4 fayr (6:10)
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and if we do the same iterations and calculations as above we will reach to

the last r,_1, and we conclude that

o _f(m) + fim— V)rgy
nOEEEE T fm+ 1) + f(m)re

. om=1,23,---. (6.11)

Therefore, the general solution of Eq.(6.6) is

f(m) + f(m —D)ry

n—Tm = ) =1,2,3,---,‘v’t:(),1,---,k:—l.
IR T R ) + fmyr

We can write Eq.(6.12) as follows

( f(m)+f(m—1)ro .

Fm 1)+ famrgs 0 = mk,m = 1,2,3, -

J)tfm—Dr .y e v 1 m =1.2.3.---
1, ) 2= *

Fm+1)+f(m)r

fm)+f(m—Drp_1. B
kf(m+1)+f(m)71:;,n—mk+/€—1,m_ 1,273’... X

Lemma 6.1. The general solution of the k' order difference equation

1
+ 7y

T'n+k = 1

s given by
B U1 R (VL
f(m+1) + f(m)r
where m =1,2,3,--- Vt=0,1,--- ,k — 1.

Proof. By induction.
Firstly, it’s true for m = 1,Vt =0,1,--- ,k — 1. Since

WO
PR (e L
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Suppose it’s true for m — 1,Vt =0,1,--- [k — 1,
- :f(m—l)—i—f(m—2)rt
T ) + fm = Dy

Now, we need to prove it for m,

1 1

L4 Pimkry—k L+ Ton—t)ete

Tmk+t =

we substitute 7(;,—1)r4++ from our assumption to get,

1

T'mk+t —
T+ m=2)r,
L+ e fm—Tire

f(m) + f(m —1)r,
fm)+ fm=1)+ (f(m = 1) + f(m = 2))re’
since f(m) = f(m — 1)+ f(m — 2), we get
_ fm)+ f(m —D)ry
T Fm )+ fmr

This proves our result. O]

Now, the general solution of Eq.(6.4) is given by

xnzxoﬁn— Hf +fz—1)rt (6.13)

fa+1)+ f(i)r
where x_j, x_g41,- -+ ,x_1, T are positve initial points of Eq.(6.4) and r;, =

T, VE=0,1,2,---  k— 1.

Theorem 6.2. The general solution of the k + 1 order difference equation

B Tk
Tkt = Tyt + Tpojt1
15 given by
fG) + fi—1Dry
o H fi+1)+ f( ;
where T_j, T _jy1,-++ ,T_1,Xo are posztve initial points of Eq.(6.4) and r, =

ey, VE=0,1,2,- k- 1.

Proof. The proof is following by order reduction theorem(4.5) and lemma(6.1).
[l
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1+rn g

6.3 Local Stability of r, = ﬁ

In this section, we study the local stability character of the positive equilib-
rium point of the difference equation

1

- 6.14
1 —i—T’n_k’ ( )

T'n =

where the initial conditions r_g,7_g11, -+ , 7o are arbitrary positive real num-

bers. The equilibrium points of Eq.(6.14) are given by the relation

Let

be a function defined by

1
therefore,
dg —1
du  (1+w)

Then we see that

~1++5 —4
du 2 SN
=145

D) 1S

Then the linearized equation of Eq.(6.14) about 7 =

Yn + VYn—k = 0.

Since

|6+2\/_|

it follows from the linearized stability theorem (5.9) that the positive equi-
librium point of Eq(6.14) is locally asymptotically stable.
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1+rn_k

Theorem 6.3. The positive equilibrium point of the difference equation

1

- 6.15
1+Tn—k7 ( )

Tn

18 locally asymptotically stable.

6.4 Global stability of r,, = —

147,k

In this section, we investigate the global behavior of the £ order difference

equation
1

- 6.16
1+Tn—k’ ( )

T'n

using the explicit formula of it’s solution.

Theorem 6.4. Let {r,}>° _, be a solution of Fq.(6.16). Then {r,}> _,

converges to a finite limit.

Proof.
lim r,= lim rp= 1l f(m) + f(m — 1>Tt,
n—->00 m—>»00 m—>»00 f(m —+ 1) -+ f(m)rt

dividing by f(m) we get

1 + f(mfl) Tt
lim rn = lim #,
since % conveges to a as n —» oo. Therefore,

i 1 2
m 7r, = — = .
n—»o0 [0} 1+\/g
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Tp—k+Tn—1

6.5 Global Behavior of x,,1 = —~"=k

Tn—k+tTn—1

In this section, we investigate the global behavior of

TnTn—k

(6.17)

xn—&—l — 9
Tn—k + Tn—1

using explicit formula of its solution.

Theorem 6.5. Let {z,}>° _, be a solution of Eq.(6.17). If the solution of

Eq.(6.16) {r,}2>_,.,, converges to =, then {x,}°2 _, converges to 0.

Proof. Let the solution of Eq.(6.17) is

n

$n=$0||7’i,

i=1
where x( is an arbitrary positive real contant. From the previous theorem
we have, as n — oo, r, — é, and note that é < 1 since a = %5 It follows
that for a given 0 < é < € < 1, there exists i € N such that r;;1 < €, V

1 > 1. Therfore,

n

Tn = Xo | ITz‘
i=1
i0—1 n

= fo”ﬁ”ﬁ
i=1  i=ig

i0—1

< T | | riet
i=1

as n — 0o, x, — 0. Therfore, {x,}>° , conerges to 0. O

6.6 Matlab code for chapter six

InTn—3

The behavior of the solution of x4, = ;—7=—.
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n=150;

x=zeros(n+1,1);

t=zeros(n+1,1);

x(1)=0.1; x(2)=1.1; x(3)=0.2; x(4)=1;
for i=4:n

£(i)=i-1;

(it 1)=(x(i) x(0-8))/ (x(-3) +x(-2));
end

t(n+1)=n;
plot(t,x,t,x,”.”),xlabel('n-iteration’),ylabel("x(n)’)
axis([0 150 0 1.5])

14 r

i i

08 |

x(n)

0.6 i
04

0271

0 L L L L L
0 20 40 60 80 100

n-iteration

The behavior of the solution of x, 1 =

120

1

14+zy—2"

140
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n="70;

x=zeros(n+1,1);

t=zeros(n+1,1); x(1)=0.1 ; x(2)=1.1; x(3)=0.5;
for i=3:n

t()=i-1;

<(1)=(1) / (14+x(-2));

end

t(n+1)=n;
plot(t,x,t,x,”.”),xlabel("n-iteration’),ylabel("x(n)")
axis([0 70 0 10]), title(’Stabile fixed point’)

Stabile fixed point

10 T T T T T T

WA

O 1 L L L L L
0 10 20 30 40 50 60

n-iteration

70



CONCLUSION

In this thesis we found that for a HD1 of order k + 1 the characteristic
function Q(n, x,) is x, and ¢ for M H1 and AH1 respectively. And insted of
solvig them by Lie symmetry method, we can use reduction of order method
that reduces the order of HD1 by one, and its enough to solve the reduced
equation. Also, in Lie symmetry and reduction of order method we reached

to the same solution of the original equation that is of order k + 1.

We generlized the convergence of solutions of the original equation and its
reduced equation. We found that if the the solution of the reduced equation

converges to a finite limit. Then, its original equation converges to 0.



FUTURE WORK

It could be interesting to study another qualitative behaviour between the

original equation and its reduced equation as periodicity of their solutions.
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